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ABSTRACT. Cartan’s Principle of dynamicsis presentedin traditional notation. It is
shown to be equivalent to Hamilton’s formulation,and is appliedthen to 1) a free par-
ticle, 2) a systemof particleswith holonomicconstraints,3) a free particle in General
Relativity and4) asystemsubjectto nonholonomicconstrains.

INTRODUCTION

Weareindebtedto Elie Cartanfor aprincipleof dynamicsequivalentto thatof Hamilton
which hecalledthe ‘principle of momentum-energy conservation.’ [1, p. 7-14]. Cartan’s
Principle,althoughmoreabstractthanHamilton’s,hascertainadvantages.It is basedon a
lineardifferentialform, ω , for which thecoefficientshavedirectmechanicalsignificance;
whereasHamilton’sPrincipleis basedon minimizing theaction,a functionwithout direct
mechanicalsignificance.Thereis anadditionalimportantdifferencebetweenthetwo prin-
ciples. In Hamilton’s theory, time playsa privilegedrole, while Cartan’s Principlegives
thelawsof mechanicsa form independentof therepresentationof space-time.

Cartan’s Principle,asfar asI know, is not well known by specialistsinterestedin Me-
chanics.In view of this situation,we proposepresentingCartan’sPrincipleherein a man-
ner differing from that in his book. For this purposewe shall call on the Lie derivative,
which wasnot known at thetime Cartanwrote,but is moreappropriatefor explicatinghis
principle.

To begin, we take up thestudyof two applicationsof Cartan’sPrinciplethathetreated
also: 1) the caseof point particlesubjectedto a forcederivedfrom a functionof the co-
ordinatesat theparticle’s point andtime,and2) thegeneralcaseof point particlessubject
to holonomicconstraintsdependanton time. Thenwe alsoconsiderthe following cases:
3) thatof a freeparticlesubjectto a gravitationalfield asgivenby GeneralRelativity and
finally 4) a systemof particlessubjectto nonholonomicconstraints.

The formulasof Lie differentiationshall not be recapitulated,an appendixwith the
pertinentdetailsnecessaryto justify ourcalculationsis attached.

1. A FREE POINT PARTICLE

Supposethat in a EuclideanspaceE3, equippedwith anorthogonalcoordinatesystem,
thereis a free particleof massm subjectedto a force derived from a functionU of the
particle’scoordinatesin space,x

�������
1 � 2 � 3� , andof its time,t. Theequationsof motion

areof thefollowing form:

(1.1) m
..
x
� � ∂U

∂x
� 	

..
x
� � d2x

�
dt2 
 �

1
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andits kinetic energy is givenby theformula

(1.2) T
� 1

2
m

.
x

2 � x
���

x1 � x2 � x3 �
�
Eqs.(1.1) form a systemof secondorderdifferentialequations;to transformtheminto

first orderequations,we set

(1.3) p
� �

m
.
x
� �

andweconsidertheaffinespaceE7 (statespace)with coordinatesxi � pi � t. Thepoint
�
x � p � t �

of E7 is calledthe “state” of the particle;and,the ensembleof statescorrespondingto a
motion of the particle is denotedits trajectory. Thesetrajectories,which shall appear
frequentlyin the following, aredevoid of concreteexistence,even thoughthe conceptis
veryuseful.

It is easilyseenthattheequationsof atrajectorycanbepresentedin thefollowing form:

(1.4)
dx
�

Q
� � dp

�
P
� � dt

1
�

whereQi � Pi areanalyticfunctions1 of thepoint (x � p � t) in thespaceE7. It is alsoeasyto
seethatevery motionof theparticlecorrespondsto a trajectoryandvisaversa.Eqs.(1.4)
correspondto anE7-vectorfield:

(1.5) �V ���
Q1 � Q2 � Q3 � P1 � P2 � P3 � 1�
�

Let usconsidernow theone-form:

(1.6) ω
� �p � d �x � Hdt �

whereH is definedby
H
�

T � U �
Wenotethatall thecoefficientsof theform ω haveadirectmechanicalsignificance:the

first threearethe momentumandthe last is the total energy of the point particle. Cartan
calledω the ‘momentum-energy tensor’;but, we shallgive it a moreconvenientdesigna-
tion, namely, the‘elementarymeasureof momentum-energy.’ It playsa fundamentalrole
in Cartan’sPrinciple.

To describeCartan’s Principlewe imaginean arbitraryclosedline in E7 with the col-
lectionof trajectoriesissuingfrom it andforminga tube.Now, Cartan’sPrincipleis stated
so:

In orderthatEq. (1.4)determinethetrajectoriesof a freepoint particle,it sufficesthat
theintegral �

ω �
evaluatedon anarbitraryline makinga closedcircuit, a loop,aroundthetube,is invariant
for Eqs.(1.4).

Likewise,this principlecanbeexpressedalsoasfollows [2, p. 401]:

(1.7) LVω
�

0 � V �ω �
0 �

(Seetheappendixfor notation.)Thesecondof theseleadsto thefollowing relationship:

(1.8) H
� ∑� p

�
Q
� �

1Hereinall functionsaretakento beanalytic.
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andthefirst gives:

(1.9) Pλ � ∑� p
� ∂Q

�
∂xλ

�
0 �

(1.10) ∑� p
� ∂Q

�
∂xλ

�
0 �

(1.11) ∑� Q
� ∂H

∂x
� � ∑� P

� ∂H
∂p
� � ∑� p

� ∂Q
�

∂t
� ∂H

∂t
�

0 �
wheresumsareover

���
1 � 2 � 3.

In view of Eq. (1.8),from Eq. (1.11)onededucestheequation:

(1.12) ∑� Q
� ∂H

∂x
� � ∑� P

� ∂H
∂p
� � 0 �

Likewise,on differentiatingEq. (1.8)with respectto xλ, onefinds:

∂H

∂xλ
� ∑� p

� ∂Q
�

∂xλ ;

andsubstitutingtheright sideinto Eq. (1.9)gives:

(1.13) Pλ � � ∂H

∂xλ �
If onethendifferentiatesEq. (1.8)with respectto pλ � onegets:

(1.14) Qλ � ∂H

∂pλ �
We noteherethatEq. (1.12)is alsoa consequenceof Eqs.(1.13)and(1.14).
On reexaminingEq. (1.4),andhaving computedEqs.(1.13)and(1.14),oneseesthatit

canberewrittenas:

dx
�

∂H
∂p� � dp

�� ∂H
∂q� � dt

1
�

Theseequationsconformto thoseof Hamilton;oneseesthatCartan’sPrincipleresolves
completelytheproblemof determiningtheequationsof motionfor freepointparticle.We
addalsothatEqs(1.13)and(1.14)give therelation:

dH
� ∂H

∂t
dt �

whichexpressesthe‘li ve force’ theorem(théor̀emdesforcesvives).

2. A PARTICLE SYSTEM WITH HOLONOMIC CONSTRAINTS

While maintainingthe notationof §1, let us supposethat in the spaceE3 we have a
systemSof N point particlessh

�
mhxh

�
h
�

1 � 2 ��������� N � , wheremh is themassof sh, and
xh is a point in E3.

Supposefurtherthatthepointsxh aresubjectto restraintsconformingto theequations:

(2.1) x
�
h
�

x
�
h
�
q � t ���
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whereq
���

q1 � q2 ��������� qr � designateananalyticvariety, Mr , finite andconnected,of dimen-
sionr, andthat

�
q � t � is a point in thespaceMr � t. We seethatthematrix2�

∂x
�
h

∂qρ �
sof rankr andpermitsexpressingthevariablesqρ asfunctionsof thevariablesx

�
h andt:

(2.2) qρ � ψρ � x�h � t ���
We supposefurther thatat eachpoint sh thereis anexternalforce �Xh

���
X
�
h � , thatcan

bederivedfrom ananalyticfunctionU
�
x
�
h � t � of thecoordinatesx

�
h andthetime t. These

forcesput thesystemof particlesinto motionaccordingto theequations:

(2.3) mh

..�x � ∇U �
andthey provideanexpressionfor thekinetic energy:

(2.4) T
� N

∑
h� 1

1
2

mh∑� � .
x
�
h � 2 �

We notenow thatEq. (2.1) leadsto therelationships:

(2.5)
.
x
�
h
� ∂x

�
h

∂qρ
.
q

ρ � ∂x
�
h

∂t
�

We shall considerthe quantitiesqρ asindependentvariablesanddesignatethem: ‘ve-
locity componentson thevarietyMr .’ Following from Eqs.(2.4)and(2.5),kinetic energy
canbeexpressedasa functionof thevariables(qρ � .

q
ρ � t):

(2.6) T
�

t
�
q � .

q � t ���
Anotherconsequenceof Eqs. (2.4) and(2.5) is that the secondordertermsof

.
q in T

renderit a secondorderpositivedefiniteform.
Let

(2.7) pρ
� ∂T

∂ .
q

ρ ;

thederivatives∂T � ∂ .
q

ρ
areindependentlinearexpressionswith respectto thevariables

.
q

σ
.

Following themethodusedin §1,we considerstates,(q � p � t) in thespaceE2r  1 of system
S. A motionof thesystemS, thatis to say, asolutionx

�
h
�

f vk
h
�
t � of thesystemof equations

Eq. (2.3), correspondsto anensembleof statesforming a trajectoryof thesystemS, and
theequationsfor thesetrajectoriescanbepresentedin theform

(2.8)
dqρ

Qρ
� dpρ

Pρ

� dt
1
� �

ρ
�

1 � 2 ��������� r �
�
whereQρ andPρ areanalytic functionsof the point (q � p � t) in the spaceE2r  1. Corre-
spondingto thesystemof Eqs.(2.8),in theaffinespaceE2r  1 thereexiststhevectorfield:

(2.9) �V �!�
Q1 � Q2 ��������� Qr � P1 � P2 ��������� Pr � 1�
�

Considernow theform3

(2.10) ω
�

pρdqρ � Hdt �
2Greekindicesin thisSectiontake thevalues1 " 2 "$#$#$#%" r .
3Weusehere,asis customary, thesummationconvention.
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whereH, determinedby

(2.11) H
�

T � U �
representsthetotalenergy of thesystemS.

Applying reasoninganalogousto thatusedin §1,considera loopenclosinga bundleof
trajectoriesconstitutinga tube.In sofarasEqs.(2.8)determinethemotionof systemS, it
is necessaryandsufficient,accordingto Cartan’sPrincipleof dynamics,thatthecurvilinear
integralequalszero,i.e.: �

C
ω
�

0 �
if evaluatedona loopC enclosinganinvarianttrajectorytubefor Eqs.(2.8). Thissituation
is expressedby therelations:

(2.12) Lvω
�

0 �&�V �ω �
0 �

ExpandingtheseexpressionsoneobtainsHamilton’sequationsof motion:

(2.13)
dqρ

∂H
∂pρ

� dpρ� ∂H
∂qρ

� dt
1
� �

ρ
�

1 � 2 ��������� r ���
whichdemonstratestheequivalenceof theprinciplesof CartanandHamilton.

We add here that Cartan’s Principle also leadsto the equationsof motion for solid
bodies;in orderto get themin the preceedingcalculations,replacethe summationsover
pointsof thesystemSwith integrationsover thedomainoccupiedby thesolidbody.

Eqs.(2.13),deducedfrom Eq. (2.10),givethelawsof mechanicsaform independentof
therepresentationof E3 space.Now weshallshow, thatonecanformulatetheseequations
suchthatthey areindependentof therepresentationof thespaceE3 � t, timedoesnotplay
aprivilegedrole [1, p. 14].

Recallthatwe expressedthekinetic energy T andthepotentialenergyU of thesystem
S by meansof 2r � 1 variablesqρ � .

q
ρ � t. Now, to achieve our goal,we shall replacethe r

variables
.
q

ρ
by r � 1 variables,(q̄ρ � t̄), derivedfrom theformerby therelations:

(2.14) q̄ρ � t̄
.
q

ρ �
To presentthequantitieswhichreferto thesystemSbymeansof thevariables(qρ � t � q̄ρ � t̄),

we introducenew notationby positing:

p̄ρ
�

t̄ pρ � H̄
�

t̄H � ω̄
�

t̄ω �
Thus,onegets:

(2.15) ω̄
�

p̄ρdqρ � H̄dt̄ �
To simplify thereasoning,we limit ourselvesto thecase,wherethesystemS is neutral,

thatis to say, wherekineticenergy givenby Eq. (2.6)containsonly termsof seconddegree
in

.
q

ρ
. Onecaneasilyconvinceoneselfthat H̄, homogeneousandof first degreein (q̄ρ � t̄),

is expressibleby meansof qρ � t � q̄ρ � t̄.
In replacingthesymbolω by ω̄ in Eq. (2.12),oneobtains,by virtue of Cartan’sPrinci-

ple, theequations:
dqρ

Q̄ρ
� dp̄ρ

P̄ρ

� dt̄
1
�

whereQ̄ρ andP̄ρ arefunctionsof variablesqρ � t � q̄ρ � t̄.
Theseequationsarecovariantlyrelatedto theform Eq. (2.15)by thetransformationsof

thevariablesqρ � t̄ of space-time.
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3. A FREE PARTICLE IN EINSTEIN SPACE

Let qρ � ρ � 1 � 2 � 3 � 4� bethecoordinatesof a point in thespaceE4 wherethemetric is
specifiedby theform

(3.1) ds2 � gρσdqρdqσ �
with signature(3.1); thevariable‘s’ designatesthepropertime of a moving point particle
(eigentime).

Thekinetic energy of a materialpoint with propermassm (eigenmass)subjectto grav-
itationalforce,equalstheexpression:

(3.2) T
� 1

2
mgρσ

.
q

ρ .
q

σ � 	
.
q

ρ � dqρ

ds 
 �
We definethe componentspρ of momentumin the samemanneras in §2 (See: Eq.

(2.7):

(3.3) pρ
� ∂T

∂ .
q

ρ �
which, in view of Eq. (3.2), leadsto theequation:

(3.4) pρ
�

mgρσ
.
q

ρ �
Multiplying thisequationby gρτ andsummingonρ, yields:

(3.5) pτ � gρτpρ �
If onetakesaccountof this formula,Eq. (3.2)becomes:

(3.6) T
� 1

2m
gρσpρ pσ �

Following reasoninganalogueto thatin §2,andin view of thefactthatthetotal energy
H of a point particlereducesto thekinetic energy T andthat t maybereplacedby s, we
introducetheform ω thatshallserve for theexpressionEq. (2.10).It is written:

(3.7) ω
�

pρdqρ � Tds�
Wenow repairto thespaceE9 comprisingthestateswith points

�
q � p � s� andtrajectories

of materialpointsm (See:§2.). The differentialequationsfor thesetrajectorieshave the
form:

dqρ

Qρ
� dpρ

Pρ

� ds
1
� �

ρ
�

1 � 2 � 3 � 4�
�
whereQρ � Pρ designatefunctionsof thevariablesqσ � pσ � s.

We introducenow in theaffinespaceE9 thevectorfield:�V �!�
Q1 � Q2 � Q3 � Q4 � P1 � P2 � P3 � P4 � 1�
�

Cartan’sPrincipleis conveyedby therelations:

(3.8) LVω
�

0 � �V �ω �
0;

with whichonecanobtaintheequationsof thetrajectoriesof thesystemS. If oneexpands
Eqs.(3.8)(SeetheAppendix),onegets:

(3.9)
dqρ

∂T
∂pρ

� dpρ� ∂T
∂qρ

� ds
1
� �

ρ
�

1 � 2 � 3 � 4���
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Let uswrite theseequationsin thefollowing form:

dqρ

ds
� ∂T

∂pρ
� dpρ

ds
� � ∂T

∂qρ �
whereonehastakenaccountof Eqs.(3.6)and(3.2),

.
q

ρ � 1
2m

gρσpσ � .
qρ
� � 1

2
m

∂gστ

∂qρ
.
q

σ .
q

τ �
If onedifferentiatesthefirst of theserelations,a calculationthat is a bit long but very

easy, onethenobtainsanequationof thefollowing form:

(3.10)
..
q

ρ � ∑
στ ' στ

ρ ( .
q

σ .
q

τ �
0 �

where ' στ
ρ ( arethewell known Christoffel symbols.

Eqs. (3.10) are the equationsof geodesicsin space-timeE4, so that oneconcludes:
Cartan’sDynamicsincludesthecaseof pointparticlein GeneralRelativity.

We notethatherethestatetrajectorieshavearealexistence.

4. SYSTEMS WITH NONHOLONOMIC CONSTRAINTS4

Continuingwith thenotationandconventionsof §2, let ussupposethatthecoordinates
x
�
h � t � h � 1 � 2 ��������� N;

�)�
1 � 2 � 3� of apointin space-timeE3 � t aresubjectto theconstraint

of satisfyingthefollowing Pfaff systemcomposedof s * 3N � 1 equations:

(4.1) Λp � N

∑
h� 1 + 3

∑
λ � 1

ap
hλdxλ

h
� ap

hdt , �
0
�
p
�

1 � 2 ��������� s�
�
wherethecoefficientsarefunctionsof x

�
h � t.

We supposethatEqs. (4.1),althoughlinearandindependentwith respectto thediffer-
entialsdx

�
h � dt, arenot necessarilycompletelyintegrable.Werethey integrable,Eqs.(4.1)

would revert to holonomicconstraintsastreatedin §2. Therefore,we shallmake a more
generalhypothesis,namely, thatthesystemof Eqs.(4.1) is aninvolutionwith respectto a
numbern * 3N � 1 of variableschosenamongthex

�
h � t.5

Let uschangenotationnow andwrite Eqs.(4.1) in thefollowing manner:

Λp � dzp � ap
i dxi �

where the coefficients designatefunctions of the variablesxi � yt � zp �
i
�

1 � 2 ��������� n; t
�

1 � 2 ��������� q; p
�

1 � 2 ������� s� , thetotal numberof suchvariablesequalss � q � n
�

3N � 1.
Eqs.(4.1) take theform:

(4.2)

Λ1 � dx1 � a1
i dxi � 0 �

Λ2 � dx2 � a2
i dxi � 0 ��-�-�.�-�.�-�-�.�-�.�-�-�.�-�.�-�-�.�-�.�-�-�.�-�.�-�-�.�

Λs � dxs � as
i dxi � 0 �

In theseequationswe considerthevariablesxi asbeingindependent,andthevariables
zp � t astheunknowns.

4See:[3, §29].
5For adefinitionof aPfaff systemin involution,see:[2, II, Chapter5].
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In so far asEqs. (4.1) are in involution with respectto the variablesxi , their general
integralscanbewrittenasformulasof theform:

(4.3) zp � ϕp � x1 � x2 ��������� xn ��� yi � ψi � x1 � x2 ��������� xn ���
wherethefunctionszp � yi areindependentwith respectto thevariablesxi . By eliminating
the variablesxi one obtainsrelationsamongthe variableszp � yi , or, in reverting to our
previousnotation,amongthex

�
h � t. Wesaythatthedegreeof freedomof thenonholonomic

system,Eqs.(4.1),equalsn.
Thereasoningabove reducesthenonholonomicto holonomicsystemof constraintsas

consideredabove in §2. We may, therfore,apply the methoddevelopedabove to get the
equationsof motion for a systemwith nonholonomicconstrains—ifwe supposethat the
materialparticles,mhx

�
h aresubjectto a forcederivedfrom a functionU

�
x
� � t � .

Herewe wish to illustratethemethoddevelopedabovewith asimpleexample.
For thispurposeconsiderasimpleparticles

�
mx

�
x
�/�

x
� �10 E3 � subjectto constraints

definedby aPfaff equation,i.e.,

(4.4) Λ
�

a� dx
� � adt

�
0 �

wherethe coefficientsarefunctionsof the variablesx
� � t. The classc of Eqs. (4.4) can

equal1 or 3 (See:[2, §79]). We preferthehypothesisthatc
�

1, asin this caseEq. (4.4)
leadsto a holonomicconstraint.If c

�
3, Eq. (4.4)canbetransformedinto thefollowing

(4.5) dq1 � q2dq
�

0 �
(thecanonicalform of a Pfaff equation[2, §81]) by meansof theanalytictransformations

(4.6) x
� �

ψ
� �

q � q1 � q2 ��� t
�

ψ
�
q � q1 � q2 ���

whereq � q1 � q2 designateindependentvariables.It followsfrom Eq. (4.5)thatthey maybe
written:

(4.7) q1 � ϕ
�
q�
� q2 � ϕ 2 � q���

whereϕ
�
q� designatesan arbitrary function of the variableq. Thus, one seesthat the

degreeof freedomof a point particles equalsoneandthat thenonholonomicconstraints,
Eqs.(4.4),leadto holonomicconstraintsvia relationsEq. (4.7).

Supposenow that theparticles is subjectto a force,derivedfrom a functionU
�
x
� � t � ,

underwhich theparticlemovesasspecifiedby theequation

(4.8) m
..
x
� � ∂U

∂x
� �

andwhereits kinetic energy is givenby

(4.9) T
� 1

2
m

.
x

2 �
Considernow thevector

.
x
�!� .

x
1 � .

x
2 � .

x
3 � ; if onecalculatesdx

�
anddt startingfrom Eqs.

(4.6) and(4.7), onecanconvinceoneselfeasilythat the quantities
.
x
� �

dx
� � dt andthe

kinetic energy T canbeexpressedasfunctionsof thevariablesq � t; asis alsotrue for the
functionU

�
x
� � t � andthevector

(4.10) p
�

m
.
x �

Thus,Eqs. (4.9) and(4.10)enableexpressingkinetic energy asa functionof thevari-
ablesq � p � t.

Considernow

(4.11) ω
�

pdq � Hdt �
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wherethetotal energy for theparticles equalsH
�

T � U , andis also,aswe haveseen,a
functionof thevariablesq � p � t. Following themethodsdiscussedabove,we introducethe
affinespaceE3 for states(q � p � t) for theparticles andits trajectories.Theequationof any
particulartrajectorycanbepresentedin theform

(4.12)
dq
Q
� dp

P
� dt

1
�

whereQ andP arealsofunctionsof q � p � t. Correspondingto Eqs. (4.12) thereexists a
vectorfield V

�
Q � P� 1� in thestatespace.

Again,accordingto Cartan’sPrinciple

LVω
�

0 � V �ω �
0 �

Expanding,onegets:

(4.13)
dq
∂H
∂p

� dp� ∂H
∂q

� dt
1

;

so that,we have shown that themotion of a point particles satisfyingthe nonholonomic
condition,Eqs.(4.4),is determinedby Hamilton’sequationsof motion,Eqs.(4.13).

Theseresultsresolveaninterestingmechanicalproblem.
Supposethatonasolidhorizontalplate,thereis asmallwheelof massm , with a sharp

edgeandperpendicularto theplate.Let theplatebegivenorthogonalcoordinatesx andy
for thecontactpoint of thewheel. Supposethatby actionof anexterior forceparallelto
thewheelit movesin its plane.Thismotionmustobey thenonholonomicrelations

dy � tanθdx
�

0

(See:[3, p. 39] or [4, p. 227].) whereθ designatestheangleof theplaneof thewheelwith
thex-axis. It is obvious,while theabstractionis dueto thenotation,this relationconforms
with Eq. (4.5),sothatthemotionof thewheelis describedby Eq. (4.13).

APPENDIX

Let

(a1) ω
�

ahdxh � �
h � i � j � 1 � 2 ��������� n�
�

beadifferentialform C1 and
V
���

X1 � X2 ��������� Xn �
beavectorC1. TheoperatorsV �ω andLVω areto beexpandedas:

(a2) V �ω �
ahXh; LVω

� 	
Xi∂iah � ai

∂Xi

∂xn 
 dxh

(See[2, pp. 390& 396]).
13 To applyEqs.(a1)and(a2)to theform Eq. (1.6) andthevectorEq. (1.5),onemust

take: n
�

7, x4 � t, a1
�

p1, a2
�

p2, a3
�

p3, a4
�

a5
�

a6
�

0, a7
� � H, X1 � Q1,

X2 � Q2, X3 � Q3, X4 � P1, X5 � P2, X6 � P3, X7 � 1.
With thesesubstitutions,Eq. (a2)leadsrespectively to Eqs.(1.8) to (1.11).
23 Likewise, to apply Eq. (a1) and (a2) to the form Eq. (2.10) and the vectorEq.

(2.10), one must take: n
�

2r � i, xρ � qρ � ρ �
1 � 2 ��������� r � ; xr  1 � p1, xr  2 � p2 ���������

x2r � pr , x2r  1 � t, aρ
�

pρ, ar  1
�

ar  2
� ����� � a2r

�
0,a2r  1

� � H,Vρ � Qρ,Vr  1 � P1,
Vr  2 � P2 ������� , V2r � Pr , V2r  1 � 1.

With thesesubstitutions,onegetstheform Eq. (2.10)andEqs.(2.8).
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33 To get from Eq. (a2) to the formulasof §3, take: n
�

9, xρ � qρ � ρ � 1 � 2 � 3 � 4� ,
x5 � p1, x6 � p2, x7 � p3, x8 � p4, x9 � s, aρ

�
pρ, a5

�
a6
�

a7
�

a8
�

0, a9
� � T,

Vρ � Qρ, V5 � P1, V6 � P2, V7 � P3, V8 � P4, V9 � 1.
43 Finally, to obtainEq. (4.11), take: n

�
3, x1 � q, x2 � p, x3 � t; a1

�
p, a2

�
0,

a3
� � H ; V1 � Q, V2 � P, V3 � 1.
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