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ABSTRACT. Cartan$ Principle of dynamicsis presentedn traditional notation. It is
shawvn to be equivalentto Hamilton's formulation, andis appliedthento 1) a free par
ticle, 2) a systemof particleswith holonomicconstraints3) a free particlein General
Relatvity and4) asystemsubjectto nonholonomicconstrains.

INTRODUCTION

We areindebtedo Elie Cartarfor aprincipleof dynamicsequialentto thatof Hamilton
which he calledthe ‘principle of momentum-engy conseration: [1, p. 7-14]. Cartans
Principle,althoughmoreabstracthanHamilton’s, hascertainadvantagesilt is basedn a
lineardifferentialform, w, for which the coeficientshave directmechanicakignificance;
whereaHamilton’s Principleis basedon minimizing the action,a functionwithout direct
mechanicasignificance Thereis anadditionalimportantdifferencebetweerthetwo prin-
ciples. In Hamilton’s theory time playsa privilegedrole, while Cartans Principle gives
thelaws of mechanics form independentf therepresentatioof space-time.

Cartans Principle,asfar asl know, is not well known by specialistinterestedn Me-
chanics.In view of this situation,we proposepresentingCartans Principleherein aman-
ner differing from thatin his book. For this purposewe shall call on the Lie derivative,
whichwasnotknown at thetime Cartanwrote, but is moreappropriatdor explicating his
principle.

To begin, we take up the studyof two applicationsof Cartans Principlethathetreated
also: 1) the caseof point particle subjectedo a force derived from a function of the co-
ordinatesatthe particle’s pointandtime, and2) the generalcaseof point particlessubject
to holonomicconstraintsddependanon time. Thenwe alsoconsiderthe following cases:
3) thatof a free particlesubjectto a gravitationalfield asgivenby GeneralRelatvity and
finally 4) a systemof particlessubjectto nonholonomicconstraints.

The formulasof Lie differentiationshall not be recapitulatedan appendixwith the
pertinentdetailsnecessaryo justify our calculationds attached.

1. A FREE POINT PARTICLE

Supposeéhatin a EuclideanspacekEs, equippedwith anorthogonalcoordinatesystem,
thereis a free particle of massm subjectedo a force derived from a functionU of the
particlescoordinatesn spacex* (s = 1,2,3), andof its time,t. Theequation®f motion
areof thefollowing form:

2yt
(1.1) i = Y (x":d"),

= o dt2
1
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andits kinetic enegy is givenby theformula

(1.2) T= %mxz, x = (x4, %2,53).

Egs.(1.1) form a systemof secondorderdifferentialequationsto transformtheminto
first orderequationsyve set

(1.3) P =mx",

andwe considetheaffine spaceE; (statespacewith coordinates!, p',t. Thepoint(x, p,t)
of E7 is calledthe “state” of the particle; and, the ensembleof statescorrespondingo a
motion of the particle is denotedits trajectory. Thesetrajectories,which shall appear
frequentlyin the following, are devoid of concreteexistence,eventhoughthe conceptis
very useful.

It is easilyseerthattheequation®f atrajectorycanbepresentedh thefollowing form:
dx* dp* dt
o TP 1
whereQ',P' areanalyticfunctions of the point (x, p,t) in the spaceE;. It is alsoeasyto
seethatevery motion of the particlecorrespondso atrajectoryandvisaversa.Eqgs. (1.4)
correspondo anEz-vectorfield:

(1.4)

(1.5) V=(Q" Q% Q%P PP 1)
Let usconsidemow the one-form:
(1.6) w= p-dX—Hdt,

whereH is definedby
H=T-U.

We notethatall the coeficientsof theform w have adirectmechanicasignificancethe
first threearethe momentumandthe lastis the total enegy of the point particle. Cartan
calledw the ‘momentum-enegy tensor’; but, we shall give it a morecorvenientdesigna-
tion, namely the ‘elementarymeasureof momentum-engy. It playsafundamentatole
in Cartans Principle.

To describeCartans Principlewe imaginean arbitrary closedline in E7 with the col-
lectionof trajectoriedssuingfrom it andforming atube.Now, Cartans Principleis stated
So:

In orderthatEq. (1.4) determinethe trajectoriesof a free point particle,it sufficesthat

theintegral
go

evaluatedon anarbitraryline makinga closedcircuit, aloop, aroundthetube,is invariant
for Eqgs.(1.4).
Lik ewise,this principle canbe expressedlsoasfollows[2, p. 401]:

1.7) Lvw=0, V|w=0.
(SeetheappendixXfor notation.)The secondf thesdeadsto thefollowing relationship:
(1.8) H=Y pQ~,

IHereinall functionsaretakento be analytic.
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andthefirst gives:

(1.9) PMLZp an_o,
a v
(1.10) Zp a% =0,
a V4
(1.11) ZQ"aXx+ZP”apx 5P Q —o,

wheresumsareovers = 1,2, 3.
In view of Eq. (1.8),from Eq. (1.11)onededuceshe equation:

(112) ZQ”aXx+ZP":HK ~o.
Lik ewise,on differentiatingEq. (1.8)With respecto x*, onefinds:
0%
axA z P 6?0\ '
andsubstitutingtheright sideinto Eqg. (1.9) gives:
oH
oxr

If onethendifferentiatesEq. (1.8)with respecto p*, onegets:

(1.14) Q= gT-HA

We noteherethatEq. (1.12)is alsoa consequencef Egs.(1.13)and(1.14).
OnreexaminingEq. (1.4),andhaving computedegs. (1.13)and(1.14),oneseeghatit
canberewrittenas:

(1.13) P — _

dx* dp*  dt
oH T _oH T
ap* 0g*
Theseequationsonformto thoseof Hamilton; oneseeghatCartans Principleresolhes
completelythe problemof determiningthe equationf motionfor free point particle.We
addalsothatEqgs(1.13)and(1.14)givetherelation:
oH

dH = —dt
ot

which expresseshe'li ve force’ theorem(theoemdesforcesvives).

2. A PARTICLE SYSTEM WITH HOLONOMIC CONSTRAINTS

While maintainingthe notationof §1, let us supposehatin the spaceEz we have a
systemSof N point particless, = myx, (h=1,2,...,N), wherem, is the massof s,, and
Xp is apointin Es.

Supposdurtherthatthe pointsx, aresubjectto restraintsconformingto the equations:

(2.1) Xy =7 (apt),
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whereq = (g%, 0%,...,q") designatananalyticvariety, My, finite andconnectedof dimen-
sionr, andthat(q,t) is a pointin thespaceM, x t. We seethatthe matrix®

Xy

ogP
sof rankr andpermitsexpressinghevariablesy® asfunctionsof thevariables¢ andt:
(22) qp = wp(xﬁat)'

We supposdurtherthatat eachpoint s, thereis an externalforce X, = (X¢9), thatcan
bederivedfrom ananalyticfunctionU (x,t) of the coordinates¢s andthetimet. These
forcesput the systemof particlesinto motionaccordingto the equations:

(2.3) mX = 0OU,
andthey provide anexpressiorfor thekinetic enegy:
N 1 .
(2.4) T ZthEng(Xh)z-
We notenow thatEg. (2.1) leadsto therelationships:
(2.5) X = %q" aaith

We shall considerthe quantitiesg® asindependenvariablesanddesignatehem: ‘ve-
locity component®nthevarietyM;.” Following from Egs.(2.4)and(2.5),kineticenegy
canbeexpressedhsa functionof the variableg(P, ¢, t):

(26) T :t(qaqat)'

Anotherconsequencef Egs. (2.4) and(2.5) is that the secondordertermsof ¢ in T
renderit asecondborderpositive definiteform.
Let

(2.7) P O_T

b = aqpv
thederivativesdT / aq" areindependenlinearexpressionsvith respecto thevariablesqc.
Following the methodusedin 81, we considerstates(q, p,t) in the spaceEy 1 of system
S. A motionof thesystents, thatis to say asolutionx = f¥K(t) of thesystenof equations
Eq. (2.3), correspondso an ensemblef statesforming a trajectoryof the systemS, and
theequationdor thesetrajectoriescanbe presentedn theform

dg? dpp, dt _
(2.8) * R 1 (P=1,2,...,1),
whereQP and P, are analyticfunctionsof the point (g, p,t) in the spaceEx 1. Corre-
spondingo the systemof Egs.(2.8),in the affine spaceEy, 1 thereexiststhevectorfield:

(29) \7:(QlaQZa"'aQraPlaPZa"'aPral)'
Considemow the form?
(2.10) w= ppdg® —Hdt,

2Greekindicesin this Sectiontake thevaluesl,?2,...,r.
Swe usehere,asis customarythe summatiorcorvention.
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whereH, determinedy
(2.11) H=T-U,
representshetotal enegy of thesystemS.

Applying reasoninganalogoudo thatusedin §1, consideraloop enclosinga bundleof
trajectoriexconstitutingatube.In sofarasEgs.(2.8) determinghe motion of systemS it
is necessargndsuficient,accordingo Cartans Principleof dynamicsthatthecurvilinear
integral equalszero,i.e.:

fw:@
fo

if evaluatedonaloop C enclosinganinvarianttrajectorytubefor Egs.(2.8). This situation
is expressedy therelations:

(2.12) Liw=0, V]jw=0.
Expandingtheseexpression®neobtainsHamilton’s equationf motion:
dg° dp dt
(213) 6—H: as :Ta (p:1,2,...,r),
app  ooP

which demonstratethe equivalenceof the principlesof CartanandHamilton.

We add herethat Cartans Principle also leadsto the equationsof motion for solid
bodies;in orderto getthemin the preceedingcalculations replacethe summationver
pointsof the systemSwith integrationsoverthe domainoccupiedoy the solid body.

Egs.(2.13),deducedrom Eq. (2.10),give thelaws of mechanics form independentf
therepresentatioof E3 space Now we shallshaw, thatonecanformulatetheseequations
suchthatthey areindependentf therepresentationf the spaceEs x t, time doesnot play
aprivilegedrole[1, p. 14].

Recallthatwe expressedhekineticenegy T andthe potentialenegy U of the system
S by meansof 2r + 1 variablesgP, qp,t. Now, to achieve our goal, we shallreplacether
variablesi® by r + 1 variables, @, t), derivedfrom theformerby therelations:

(2.14) P = tef.

To presenthequantitiesvhichreferto thesystenSby meansof thevariablegoP, t, P, t),
we introducenew notationby positing:

Po=tpp, H=1tH, w=tw.
Thus,onegets:
(2.15) ®= ppdaP — Hdt.

To simplify thereasoningwe limit oursehesto the casewherethesystemSis neutral,
thatis to say wherekinetic enegy givenby Eq. (2.6) containsonly termsof secondlegree
in q". Onecaneasilycorvince oneselfthatH, homogeneouandof first degreein (gP,t),
is expressibleby meansof P, t, oP, t.

In replacingthe symbolw by win Eq. (2.12),oneobtains by virtue of Cartans Princi-
ple, theequations: B

dg° dp, dt
* R 1
whereQP andP, arefunctionsof variablesg®, t,qP,t.

Theseequationsarecovariantlyrelatedto theform Eq. (2.15)by thetransformation®f
thevariablesg®,t of space-time.
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3. A FREE PARTICLE IN EINSTEIN SPACE

LetgP (p = 1,2,3,4) bethecoordinatef a pointin the spaceE, wherethe metricis
specifiedby theform

(3.1) ds? = gpedaPdq®,
with signaturg(3.1); thevariable‘s designateshe propertime of a moving point particle
(eigentime).

Thekinetic enegy of a materialpointwith propermassm (eigenmass$ubjectto grav-
itationalforce,equalshe expression:

_1 0.0 .p_dqp
(3.2) T = Smgot’e’, (q =5 )

We definethe componentg, of momentumin the samemannerasin 82 (See: Eq.
2.7):

oT
(33) pp = T.p°
aqp
which, in view of Eqg. (3.2),leadsto theequation:
(3.4) Po = Mot
Multiplying this equationby gP* andsummingon p, yields:
(3.5) P =0""pp.
If onetakesaccountof thisformula,Eq. (3.2) becomes:
1
(3.6) T= %gpcpppo.

Following reasoninganalogudo thatin §2, andin view of thefactthatthetotal enegy
H of a point particlereducego the kineticenegy T andthatt may be replacedby s, we
introducetheform w thatshallsene for the expressiorEq. (2.10). It is written:

(3.7) w= ppdg® —Tds.

We now repairto thespaceEg comprisingthe stateswith points(q, p, s) andtrajectories
of materialpointsm (See: §2.). The differentialequationdor thesetrajectorieshave the

form:
dg° dpp ds
— == =1,2,3,4
Qp Pp 17 (p e e )5
whereQP, P, designatdunctionsof thevariablesy®, ps,s.
We introducenow in theaffine spacekg the vectorfield:

V = (QY, Q% Q% Q% P, Py, P3, Py, 1).
Cartans Principleis corveyedby therelations:
(3.8) Lvw=0, V|jw=0;
with which onecanobtainthe equation®of thetrajectorief thesystemS. If oneexpands
Egs.(3.8) (Seethe Appendix),onegets:

dg® dpp ds
E:_O_T:T’ (p:172a374)
dpp ogP

(3.9)
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Let uswrite theseequationsn thefollowing form:
dg? _ oT dp, _ oT

ds dp,” ds  agP’
whereonehastakenaccountof Egs.(3.6) and(3.2),

. 1 . 1 09or .o.
P_ _— 4PO — T m 20T (O
4 =55,9"Po G 2maqP qq.
If onedifferentiateghefirst of theserelations,a calculationthatis a bit long but very
easy onethenobtainsanequationof thefollowing form:

310 ..p Ot }.U.T:O
(3.10) q+;{p qq =0,

where O; arethewell known Christofel symbols.

Egs. (3.10) are the equationsof geodesicsn space-timeE,, so that one concludes:
Cartans Dynamicsincludesthe caseof point particlein GeneraRelatvity.
We notethatherethe statetrajectorieshave arealexistence.

4. SYSTEMS WITH NONHOLONOMIC CONSTRAINTS?

Continuingwith the notationandcorventionsof §2, let ussupposehatthe coordinates
Xyt (h=1,2,...,N; »=1,2,3) of apointin space-timéez x t aresubjecto theconstraint
of satisfyingthefollowing Pfaff systemcomposeaf s < 3N + 1 equations:

N /3
(4.1) NP=Y (Z a&dxﬁ+aﬁdt) =0 (p=12,...,9),
h=1 \A=1

wherethe coeficientsarefunctionsof x7,t.

We supposéhatEgs. (4.1), althoughlinear andindependentvith respecto the differ-
entialsdxy, dt, arenot necessarilfcompletelyintegrable.Werethey integrable,Egs. (4.1)
would revert to holonomicconstraintsastreatedin 82. Therefore we shallmake a more
generahypothesisnamely thatthe systemof Eqgs. (4.1)is aninvolution with respecto a
numbem < 3N + 1 of variableschoseramongthe 7, t.>

Let uschangenotationnow andwrite Egs. (4.1)in thefollowing manner:

AP =dz° —aPdx,

where the coeficients designatefunctions of the variablesx',y',z° (i = 1,2,...,n;t =
1,2,...,q,p=1,2,...s), thetotal numberof suchvariablesequalss+ q+n= 3N+ 1.
Egs.(4.1)take theform:

Al =dx! —aldx =0,

2 — dx2 — 22dxi —
(4.2) N =dx—afdx =0,

NS = dxS—adx' = 0.

In theseequationsve considerthe variablesx' asbeingindependentandthe variables
ZP,t astheunknowns.

4see3, §29].
SFor a definitionof a Pfaff systemin involution, see:[2 Il, Chapter5].
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In sofar asEqgs. (4.1) arein involution with respectto the variablesx, their general
integralscanbewritten asformulasof theform:

(4'3) Zp:q)p(xl’XZ"")Xn)? yI :LlJi(Xl,XZ"”’Xn)’

wherethefunctionsz?,y' areindependentith respecto thevariables<. By eliminating
the variablesx' one obtainsrelationsamongthe variablesz®,y', or, in reverting to our
previousnotation,amongthex,t. We saythatthedegreeof freedomof thenonholonomic
systemFEqgs.(4.1),equalsn.

Thereasoningabove reduceghe nonholonomido holonomicsystemof constraintsas
consideredaborve in §2. We may; therfore,apply the methoddevelopedabore to getthe
equationsof motion for a systemwith nonholonomicconstrains—ifwe supposehat the
materialparticles,m\x* aresubjectto a forcederivedfrom afunctionU (x*,t).

Herewe wishto illustratethe methoddevelopedabove with a simpleexample.

For this purposeconsiderasimpleparticles = mx(x = (x*) € E3) subjectto constraints
definedby a Pfaff equationj.e.,

4.4 N =a,dx*+adt =0,
wherethe coeficientsarefunctionsof the variablesx*;t. The classc of Eqgs. (4.4) can

equall or 3 (See:[2 §79]). We preferthe hypothesighatc = 1, asin this caseEq. (4.4)
leadsto a holonomicconstraint.If ¢ = 3, Eq. (4.4) canbetransformednto thefollowing

(4.5) dg" —q’dg =0,
(thecanonicaform of a Pfaff equation2, §81]) by meanf the analytictransformations
(4.6) X*=y*(q,9%¢%), t=w(q,q"),

whereq, g1, g? designatendependentariables It follows from Eq. (4.5)thatthey maybe
written:

(4.7) q'=o(a), ?=0¢'(q),

where ¢(q) designatesan arbitrary function of the variableq. Thus, one seesthat the
degreeof freedomof a point particle s equalsoneandthatthe nonholonomicconstraints,
Egs.(4.4),leadto holonomicconstraintwia relationsEq. (4.7).

Supposenow thatthe particles is subjectto a force, derived from afunctionU (x*,t),
underwhich the particlemovesasspecifiedoy theequation

e OU
(4.8) mX = YL
andwhereits kinetic enegy is givenby

1 -
4.9 T=Z2 .
(4.9) 5

Considemow thevectorx = (xl,xz,x?’); if onecalculatesix** anddt startingfrom Egs.
(4.6) and (4.7), one can corvince oneselfeasily that the quantitiesx”™ = dx*/dt andthe
kineticenegy T canbe expressedisfunctionsof thevariablesq,t; asis alsotruefor the
functionU (x**,t) andthevector

(4.10) p=mx

Thus,Eqgs. (4.9) and(4.10) enableexpressingkinetic enegy asa function of the vari-
ablesq, p,t.

Considemow

(4.11) w= pdg— Hdt,
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wherethetotal enepgy for the particles equalsH = T — U, andis also,aswe have seena
functionof the variablesg, p,t. Following the methodsdiscussedbove, we introducethe
affine spacek; for stateqq, p,t) for the particles andits trajectories.The equationof any
particulartrajectorycanbe presentedn theform

dg dp dt
(4.12) 6 5 =71
whereQ andP arealsofunctionsof g, p,t. Correspondindo Egs. (4.12)thereexists a

vectorfieldV(Q,P, 1) in the statespace.
Again,accordingto Cartans Principle

Lvw =0, \L|oo =0.
Expandingpnegets:

dg  dp dt
(4.13) a—ﬁ:—aﬂzT;
d "o

sothat, we have shavn that the motion of a point particle s satisfyingthe nonholonomic
condition,Eqs.(4.4),is determinedy Hamilton’s equationsf motion, Egs. (4.13).

Theseresultsresohe aninterestingmechanicaproblem.

Supposeghaton a solid horizontalplate,thereis asmallwheelof massm, with asharp
edgeandperpendiculato the plate. Let the platebe givenorthogonalcoordinates andy
for the contactpoint of the wheel. Supposéhatby actionof an exterior force parallelto
thewheelit movesin its plane.This motion mustobey thenonholonomiaelations

dy—tanBdx =0

(See:[3, p. 39] or [4, p. 227].) whereb designatethe angleof the planeof thewheelwith
thex-axis. It is obvious,while theabstractioris dueto the notation this relationconforms
with Eq. (4.5),sothatthe motion of thewheelis describedy Eq. (4.13).

APPENDIX
Let
(a1) w=apdx", (hi,j=1,2,...,n),

beadifferentialform C* and
vV =(X1,X?,..., X"
beavectorCl. The operators/|w andLy w areto be expandedas:
oX
(a2) Viw=anX"; Lyw= (X dian — a.ﬁ> dx"
(Se€]2, pp.390& 396]).
1° To applyEgs. (al)and(a2)to theform Eq (1.6) andthevectorEg. (1.5),onemust
take n=7,xX=tar=pl,aa=p4aa=p5, au=as=a5 =0, a7 = —H, X1 = Q1,
QZ X3 Q3 X4 = Pl X5 PZ X6 — P3 X7 =1.
Wlth thesesubstitutionsEq. (a2)leadsrespectiely to Egs.(1.8)to (1.11).
2° Likewise, to apply Eq. (al)and (a2)to the form Eg. (2.10)andthe vector Eq.
(2.10), one musttake: N=2r +i, X’ =P (p = 1,2,...,r); X+t = pg, X2 = py,..
X2 = pr, @+ =, 80 = Pp, Br41=Brso=... = g = 0,80 41 = —H,VP = QP VI+L =P
Vr+2 P2, V2r = V2r+l 1.
With thesesubstltutlonsonegetstheform Eq. (2.10)andEgs.(2.8).
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3° To getfrom Eq. (a2)to the formulasof 83, take: n=9,xX* =¢° (p=1,2,3,4),
XS: pllXGI p21 X7:p3ix8: p41 X9:S!ap: ppi a5:a6:a7:a8:01a9:_-r1
VP=QP, V3 =P, V=P, V' =P;,VE =P, VO =1.

4° Finally, to obtainEq. (4.11),take: n=3,x'=q, X =p, X =t; a1 =p, ap =0,
aa=-H;Vl=QVvZ=pPVv3i=1
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