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A theoryof the electromagnetictwo-bodyinteractionis describedwhich leadsto equationsof motionsolvable
by local (numerical)integration.

I. INTRODUCTION

Although Newton’s action-at-a-distancetheory of gravity
is similar to Coulomb’s Law for charged particles, it was
found that its structureis inadequateto describecompletely
the electromagneticforce becauseit assumes“instantaneous
interaction.” The effort to overcomethis inadequacy lead
to Maxwell’s equationswhich, while adequatefor practi-
cal applications,are, at the most basic level, besetwith an
impediment—thatthey do not lead to a closedset of cou-
pled equationsfor two or more chargedpoint particles. In-
stead,oneparticle is first consideredasa currentfor which
Maxwell’sequationsaresolvedfor thevaluesof thefield vari-
ablesat the locationof thesecondparticlewhoseresponseis
determinedby theLorentzForceLaw. Then,thesecondparti-
cle is consideredasa currentwhosefieldsperturbthemotion
of thefirst current.Therecalculatedfirst currentis usedthere-
after to computemoreaccuratevaluesof the field variables,
etc.This is continuedbackandforth to obtainthesolutionsto
thedesireddegreeof accuracy.

Reactingto this situation,Fokker developeda closedfor-
mulationfor theelectromagneticforceby incorporatinglight-
coneinteractioninto action-at-a-distancemechanics.Essen-
tially he founda Lagrangianwhich is not merelythe sumof
individual Lagrangianswhosevariationyieldscoupledequa-
tions of motion.[1] This Lagrangian,however, producedyet
anothercomplexity: It led to simultaneousadvancedandre-
tardedinteractionfor eachparticle. This featureis problem-
atic on two levels. First, it raisesquestionsof causalitybe-
causeit wouldmeanthatthepresentis alwayspartiallycondi-
tionedby all of thefuture,contraryto observation. Secondly,
it introducesthecalculationalcomplicationof precludingthe
known methodsof integrating the equationsof motion (this
pointwill bediscussedbelow).

No resolutionfor thecausalitydifficultiesof thepure two-
particleproblemappearto have beenproposed;in fact, ap-
parentlytheonly attemptat resolutionimmersestheproblem
in a many body universeby invoking radiationabsorbersat
infinity.[2] Moreover, althoughintegration of the pure two-
particleequationshasbeenattempted,thus far the proposed
schemesareclearlyapproximationtechniquesor usefulonly

in severelyrestrictedcircumstances.[3; 4]
This problemcontinuesto be of great interestand is be-

ing studiedfrom many perspectives. Someof theseareto be
foundin Ref’s. [5–9].

It is thepurposeof this articleto describea theoreticalfor-
mulationof theelectromagneticforcewhoseequationsof mo-
tion can be integratedby known methodsand in which ad-
vancedinteraction,althoughnot completelyeliminated,ap-
pearsat mostasaneffect of only limited extent. Theessence
of this formulation, first presentedusing Cartan’s princi-
ple andmoderndifferentialgeometry[10], will beelaborated
hereinavoidingabstrusetechniques.

II. THE THEORY

Theessenceof thistheoryis thatit hasasingleindependent
parameterwhichis givennoa priori physicalrole(althoughit
hasa posterioriphysicalutility); its function is analogousto
thatof a stepcounterin a numericalcalculation.It doeshave
a priori mathematicalsignificance,however, asa dynamical
parameterin the sensethat it is the independentvariablefor
whichthecanonicalvariablesaredependent.Theonly objects
with physicalsignificancein this formulation are the world
lines;everythingelse,includingtheindependentparameter, is
amathematicalaid to their calculation.

Let x j be the Minkowski configurationfour-vector with
componentsx j � y j � zj � ict j of the j-th particle. Let dx j be a
differentialdisplacementalongthe j-th particle’s orbit. Two
suchdifferentialstangentto arbitrarypointsp andp

�
onorbits

j andk arerelatedto eachotherby theLorentztransformation
L
�
p � p

� � j � k� , betweentheinstantaneousrestframesof j and
k; i.e.,givendx j � p, dxk � p� is essentiallydefinedby

dxk � p��� L
�
p � p

� � j � k� dx j � p �	� (1)

Thus,the differentialof arc length,
�
dx j 
 dx j � 1� 2 is invariant

becauseat eachpoint it satisfies�
dxk � p� 
 dxk � p� � 1� 2 � �

dx j � pL† 
 Ldx j � p � 1� 2� �
dx j � p 
 dx j � p � 1� 2 � (2)
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All suchdifferentialsmay, thereforebesetequalto thecom-
mondifferentialcdτ, wherec is thespeedof light andτ is the
independentparameterwhich assumestheunitsof time; i.e.,

cdτ � �
dx j 
 dx j � 1� 2 � �

dxk 
 dxk � 1� 2 � (3)

Dividing (2.3)by c andrewriting yields

dτ � dt jγ � 1
j � dtkγ � 1

k
� (4)

whereγ � 1
j � 


1 � �
v j � c� 2 � 1� 2

in thecustomarynotation.

Digressingmomentarily, observe that a particle’s proper
time, � τ j , in thisformulationis computedby integrationfrom
Eq.(4) to be � τ j �����

t j

γ � 1
j dt j � (5)

Becausetheγ j arenot in generalequal,it followsthattheval-
uesof � τ j for differentparticlesarealso,in general,unequal.
Although a singlevariableis the propertime for eachparti-
cle, its valuesarenot simultaneously(i.e., for equalt0 � � t j )
relevantto eachparticle.

Continuing,let four-velocitiesbedefinedas

v j : � dx j � dτ � γ j
�
v j � ic � : � ẋ j (6)

and momentaas mjv j , where mj is the j-th particle’s rest
mass. With thesedefinitions, the four-vector version of
Hamilton’sprinciple

δ � τ2

τ1 � � xj � vj � τ � dτ � 0 � (7)

where(for N (numberof particles)=2)

� � 2

∑
j � 1

mj
�
v j 
 v j � 1� 2

� 2
2

∑
k �� j

ejek � τ� ∞
v j
�
τ � 
 vk

�
τ
� � δ 
�� x j

�
τ ��� xk

�
τ
� ��� 2 � dτ

� �
(8)

yieldsequationsof motioncoupledby only two interactions.
(Becauseof theupperboundon the integral, not all possible
interactionsareincluded.)

Thereare, however, two forms theseequationscan take,
dependingon the characterof x j

�
τ ��� xk

�
τ � for a particular

valueof τ; caseI, whenit is spacelike

mj ẍ j � ej

c � ∑
k �� j

Fk � ret µυ �
ẋ j � υ � j � 1 � 2 � (9)

andcaseII whenit is time-like (ta � tb ! 0)

maẍa � ej

c

�
Fb � ret � Fb � adv� µυ � ẋa � υ �

mbẍb � 0 (10)

where

Fµυ
k � 2c � τ� ∞

�
ẋυ

k∂υ � ẋµ
k∂µ � δ


 �
ẋ j
�
τ �"� ẋk

�
τ ��� 2 � dτ

�
(11)

(For N ! 2, complex combinationsof Eqs.(9) and(10) may
hold.)

CaseI appearsto be morenatural,eachparticleproceeds
underthe retardedinfluenceof the other. CaseII is entirely
novel; hereoneparticle( b say)haspuncturedthefuturelight
coneof the other(a) so that the furthermotion of b is is un-
affectedby a which responds,however, to both retardedand
advancedsignalsfrom b.1

An interestingpossibility is that a systemmight switch
back and forth betweencasesI and II. Consider, for exam-
ple, two oppositelychargedparticles,onevery massive, the
other not. Supposethey are initially constrainedsuch that
both their world linesareinitially puretime-like up to a time
t0 when they are released.At this point the lighter particle
particlewould acceleratetoward its partner, which, by com-
parison,would remainvirtually stationary. The extentionof
theseworld lines into the future beyond t0 canbe computed
accordingto Eq. (9). The world line of the massive particle
would continuevirtually parallel to the segmentpreceeding
t0, andfilar markscorrespondingto incrementsof τ would be
evenly spaced.The world line of the lighter particlewould
bothcurveandbeextendedby increasinglylongerincrements
for eachincrementalincreaseof τ. Becauseit is asymptot-
ically approachinga light like line, wherean infinitely long
line on the diagramhaszerolength,filar markson the light
particle’sworld line appearto beat increasingintervals. This
disparitywill causethelighter particleat somepoint to punc-
turethefuturelight coneof theheavier particleandthesystem
will passinto the caseII regimewherethe lighter particleis
freeandits world line straight.It canbeshown thateventually
the lighter particlewill re-emergeandthesystemagainenter
thecaseI regime.

III. COMPARISON WITH FOKKER’S FORMULATION

The featurespeculiarto this theorycanbestbe delineated
by comparisonwith Fokker’s formulation. The most out-
standingdifferenceis thatFokker’s formulationdoesnot ex-
ploit Eq. (3) and thereforeemploys a separateindependent
parameterfor eachparticle. Fokker’s Lagrangianis not sim-
ply thesumof individual Lagrangianspatchedtogetherin an
ad hoc manner;he arguedthat a truly fundamentalformu-
lation shouldproceedfrom the variation of a single system
Lagrangianto a setof coupledequationsof motion. TheLa-

1 After-the-factnote:CaseII doesnotexist. Presumingthatit did, wasbased
on failure to take into accountthe fact thatLorentztransformsinducese-
vere anisotropismon Minkowski space,an error that leadsmany others
alsointo severalproblems,includingasymmetricaging.
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grangian� F ,

� F � N

∑
j

L j � N

∑
j

mj
�
v j 
 v j � 1� 2

� 2
2

∑
k �� j

ejek �$# ∞� ∞
v j
�
τ j � 
 vk

�
τk � δ 
 � x j

�
τ j �"� xk

�
τk �%� 2 � dτk �

(12)

satisfiesthesecriteriaandleads,by meansof thevariation

δ � N

∑
j

L jdτ j � 0 � j � 1 � 2 � ���%� � N � (13)

to theequationsof motion

mj ẍ j
�
τ j � � ej

2c

N

∑
k �� j

�
Fk � ret � Fk � adv� µυ � ẋa

�
τ j �%� υ �

j � 1 � 2 � ���%� N � (14)

Theseequations,however, cannotbeintegratedby alocalpro-
cedureasis obviousif oneimaginesattemptingamachinein-
tegrationof the j-th equationat a givenvalueof τ j . Suchan
integration;i.e., a calculationof theanincrementalextention
of the world line for an incrementalincreasein τ j , requires
knowledgeof the k-th world line on the forward light cone
of the j-th particle,which, in orderto becomputed,requires
knowledgeof the i-th world line on theforwardlight coneof
the j-th particle,but thisportionof thisorbit is yet to becom-
puted,etc.,ad infinitum. In effect, the solutionis neededas
initial datain orderto computethesolutionin thisway.

Of course, advancedinteraction could be precludedby
changingthe upper limit of integration in Eq. (12) to τi j ,
whereτi j is thatvalueof τ j which includesonly theretarded
potentialfrom the j-th particle; however, as τi j would then
alsoappearin Eq. (12), it couldbe written asthe sumof in-
dividual Lagrangiansand, therefore,would not qualify asa
systemLagrangian.

Schemescanbe imaginedwhich circumvent this problem
by somesort of global approach;i.e., by seekingthe whole
solution at once. For example,perhapsthe solution could
be found asthe limit of a techniqueeachsuccessive stepof
whichgaveacloserapproximationto theentireworld line. At
present,however, suchtechniquesdo not appearto havebeen
developed—Eqs.(14) arein generalnumericallyandanalyti-
cally unsolvable.

Eqs.(9) and(10), on the otherhand,canalways be inte-
gratedby machinebecausethe information neededto com-
puteeachincrementalincreaseof any world line in bothcases
I andII hasalreadybeencomputed.Also by imagininga ma-
chinecalculation,it is clearthat if eachparticle’s world line
betweenthe pastandthe future with respectto the samebut
otherwisearbitrarylight coneis givenasinitial data,thenthe
systemof world lines canbe extendedby calculationindefi-
nitely into thefutureor thepast.Althoughthis typeof initial
datais greaterthatthecustomaryCauchydata & x � τa � � ẋ � τa �(' ,
it isageneralcharacteristicof differential-delayequationsthat
Cauchydataareinsufficient to determineaparticularsolution
asenoughinitial datamustbegivento spanthedelay.[11; 12]

IV. RADIATION REACTION

Because the classical derivation of the mathemati-
cal expressionsfor radiation reaction employs advanced
potentials[13], which this formulationexcludesasapersistent
feature,anew physicalmodelof radiationreactionis needed.

Assumingthat the universeasa whole is electricallyneu-
tral, let us take it that a particularchargewill induceamong
all otherchargesa coincidentvirtual negative imagecharge.
Radiationreactionis assumedthento be the interactionof a
charge with its own inducedimage. The equationsof mo-
tion for this systemareEq. (9), whereparticle1 is thecharge
andparticle2 is its image. Solving this systemis madeeas-
ier by the following. One,to first order, x1 equalsx2 (mod-
ulo effects of radiationlag). Two, the interactionfrom the
inducedimageimplodeson the charge as if from an oppo-
sitely chargedconcentricsphericalshell. To an accelerated
charge, in its own frame, this interactionis identical to that
of a pre-counter-acceleratedshell,which in turn, is identical
to thesign-changed,time-reversedeffect of thechargeitself;
i.e., F2 � ret equalsF1 � adv. With this substitution,Eqs. Eq. (9)
canbeaddedto give (notee2 � � e1)

maẍa � ea

2c

�
Fa � ret � Fa � adv� µυ � ẋa � υ � (15)

This equationis preciselythestartingpoint of Dirac’sderiva-
tion of an explicit form for the force of radiation reaction,
which is nothereinreiterated.[14]

V. COMMENTS AND CONCLUSIONS

TheLagrangiansEqs.(8) and(12)bothemploy anotational
gimmick that canleadto confusion. The problemis that in
bothformulationstwo typesof integrationsappear, eachwith
a distinct function. In Eq. (7) the integration on τ and in
Eq. (13) the integrationon τ j belongto the variationalprin-
ciple; whereas,theremainingintegrationsreally aresuperflu-
ous. They arepart of a notationalgimmick usedto express
Liénard-Wiechertpotentialin an elegant form by exploiting
thepropertiesof theDiracdeltafunction.[15] In fact,thedelta
functioncanbeexpandedandtheintegrationsoverthedummy
variablesτk in Eq.(12)andτ

�
in Eq.(8)executedto write these

Lagrangiansin a moretransparentform beforeexecutingthe
variation. This form would precludeconfusionregardingthe
distinctrolesof thevariousτ’sandintegrations,albeitatacost
in notationalelegance.

The structureof differential-differenceequations,suchas
Eq. (9), is suchthat thereis not a uniqueorbit througheach
point is phasespace.This fact is anotherfacetof therequire-
ment for more than Cauchyinitial data. A consequenceof
this fact is that thereis no surface,space-like or otherwise,
perpendicularto all orbitswhoseevolution is regulatedby the
dynamicssuchthatit couldbeparameterizedby asinglevari-
able. This hasleadto thebelief thata singlevariablecannot
beusedto parameterizeall individualorbitsof amultiparticle
system;however, wheneachorbit is regardedindependently,
no problemsarisefor lack of sucha surfaceor othersimple
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correlationbetweenfilar markson world lines.2

The) essentialdifferencebetweenvariousformulationsof
the electromagnetictwo-bodyproblemis the selectionof in-
teractions.Any formulationin which the the interactionsare
derived from Liénard-Wiechertpotentialsis consistentwith
Maxwell’s equations. In this formulation the mathematical
formalismselectsonly retardedinteractionexceptwhenone
particlepuncturesthe future light coneof anotherto become
freewhile thelatter“sees”retardedandadvancedinteractions.
Furtherstudy may show, however, that this transitioneffect
cannotoccurin realistic(many-body)circumstances.But, if
it doesoccur, it might confirmthevalidity of this formalism.
Confirmationcanin principlealsobeobtainedby comparing
observedwith computedworld lines(whentheformalismper-
mits),but againmany-bodyor quantumeffectsprobablyinter-
veneto makethis difficult or ambiguous.

In conclusion,this article describesa formulation for the
electromagneticforce whoseequationsof motion canbe in-
tegratedby a local scheme(i.e., mechanically)andwhich re-
vealsa potentialnovel physicaleffect manifestedby straight
segmentsof world linesin interactingparticle.Moreover, this
formulationaffordsnew insightsinto radiationreaction.
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