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A theoryof the electromagnetitwo-bodyinteractionis describedvhich leadsto equationsof motion sohvable

by local (numerical)integration.

I. INTRODUCTION

Although Newton’s action-at-a-distancéheory of gravity
is similar to Coulombs Law for chaged particles, it was
found that its structureis inadequateo describecompletely
the electromagneti¢orce becauset assumesinstantaneous
interaction: The effort to overcomethis inadequag lead
to Maxwell's equationswhich, while adequatefor practi-
cal applications,are, at the most basiclevel, besetwith an
impediment—thathey do not lead to a closedset of cou-
pled equationsfor two or more chaiged point particles. In-
stead,one particleis first consideredasa currentfor which
Maxwell'sequationsresolvedfor thevaluesof thefield vari-
ablesat thelocationof the secondparticlewhoseresponsés
determinedy thelLorentzForceLaw. Then,thesecondarti-
cleis consideredisa currentwhosefields perturbthe motion
of thefirst current. Therecalculatedirst currentis usedthere-
afterto computemore accuratevaluesof the field variables,
etc. Thisis continuedbackandforth to obtainthe solutionsto
thedesireddegreeof accurag.

Reactingto this situation, Fokker developeda closedfor-
mulationfor the electromagnetiforce by incorporatindight-
coneinteractioninto action-at-a-distancmechanics.Essen-
tially he found a Lagrangiarwhich is not merelythe sum of
individual Lagrangiansvhosevariationyields coupledequa-
tions of motion.[] This Lagrangian however, producedyet
anothercompleity: It led to simultaneousadvancedandre-
tardedinteractionfor eachparticle. This featureis problem-
atic on two levels. First, it raisesquestionsof causalitybe-
causdt would meanthatthepresents alwayspatrtially condi-
tionedby all of the future, contraryto obsenation. Secondly
it introduceghe calculationalcomplicationof precludingthe
known methodsof integrating the equationsof motion (this
pointwill bediscussedbelow).

No resolutionfor the causalitydifficulties of the pure two-
particle problemappearto have beenproposed;in fact, ap-
parentlythe only attemptat resolutionimmerseghe problem
in a mary body universeby invoking radiationabsorbersat
infinity.[2] Moreover, althoughintegration of the pure two-
particle equationshasbeenattemptedthusfar the proposed
schemesre clearly approximationtechniquesor usefulonly

in severelyrestrictedcircumstances.[3]

This problem continuesto be of greatinterestandis be-
ing studiedfrom mary perspecties. Someof theseareto be
foundin Ref's. [5-9].

It is the purposeof this articleto describea theoreticalor-
mulationof theelectromagnetiforcewhoseequation®f mo-
tion can be integratedby known methodsandin which ad-
vancedinteraction,althoughnot completelyeliminated,ap-
pearsat mostasan effect of only limited extent. The essence
of this formulation, first presentedusing Cartans princi-
ple andmoderndifferentialgeometry[10, will be elaborated
hereinavoiding abstruseechniques.

Il. THE THEORY

Theessencef thistheoryis thatit hasasingleindependent
parametewhichis givennoa priori physicalrole (althoughit
hasa posteriori physicalutility); its functionis analogougo
thatof a stepcounterin a numericalcalculation.It doeshave
a priori mathematicakignificance however, asa dynamical
parametein the sensethatit is the independentariablefor
whichthecanonicalvariablesaredependentTheonly objects
with physicalsignificancein this formulation are the world
lines;everythingelse,includingtheindependenparameteris
amathematicadid to their calculation.

Let x; be the Minkowski configurationfour-vector with
components;, Yj, zj, ict; of the j-th particle. Let dx; bea
differentialdisplacemenalongthe j-th particle’s orbit. Two
suchdifferentialstangento arbitrarypointsp andp’ onorbits
j andk arerelatedto eachotherby the Lorentztransformation
L(p, P, j, k), betweertheinstantaneousestframesof j and
k; i.e.,givendx;|p, dxk|y is essentiallydefinedby

ka'p’ = L(pa pla ja k)dXle) (1)

Thus, the differentialof arc length(dx; - dx;)*? is invariant
becausat eachpointit satisfies

(x| - dxid )2 = (x| LT - Lalx;|p) /2
= (dxj[p-dxi|p)"2 €



All suchdifferentialsmay, thereforebe setequalto the com-
mondifferentialcdt, wherec is thespeedf light andt is the
independenparametewhich assumeshe unitsof time;i.e.,

cdt = (dx; - dx;) Y2 = (dxx - dxie) /2. 3)
Dividing (2.3) by c andrewriting yields
dt = dtjy;* = dtey (4)
1 2 1/2 . .
wherey; ™~ = (1— (vj/c) ) in the customarynotation.
Digressingmomentarily obsene that a particle’s proper

time, Atj, in thisformulationis computedy integrationfrom
Eq.(4)to be

Aty = / vt 5)
Atj

Becauseghey; arenotin generakqual,it followsthattheval-

uesof At;j for differentparticlesarealso,in generalunequal.

Although a single variableis the propertime for eachparti-
cle, its valuesarenot simultaneouslyi.e., for equaltg + At;)
relevantto eachpatrticle.

Continuing,let four-velocitiesbe definedas

Vvj 1= dx;/dt =Yj(v},ic) :=X; (6)

and momentaas m;v;j, wherem; is the j-th particle’s rest
mass. With these definitions, the four-vector version of
Hamilton’s principle

T
6/ 2L(XJ-,VJ-,T)dT =0, (7)
T1

where(for N (numberof particles)=2)
2 1/2
L= % mi(vj-v))
=1

2 T
23 esec i w0900 - x)’)
(8)

yields equationsf motion coupledby only two interactions.
(Becauseof the upperboundon the integral, not all possible
interactionsareincluded.)

Thereare, however, two forms theseequationscan take,
dependingon the characterof x;(t) — xk(1) for a particular
valueof T; casdl, whenit is spacdike

)
. €j . .
mJXJ = EJ (kg Fk|ret> (Xj)U; I= 17 27 (9)
J

andcasell whenit is time-like (t —tp, > 0)

" €j .
MaXa = EJ (Fb|ret+ Fb|adv)uu (Xa)U;

M, = O (10)

where
Fkuu _ ZC/T (XEOU _ XEOH) 5 ((Xj (1) — )'(k(T))Z) dr (11)

(For N > 2, complex combinationf Egs.(9) and(10) may
hold.)

Casel appeargo be more natural,eachparticle proceeds
underthe retardedinfluenceof the other Casell is entirely
novel; hereoneparticle( b say)haspuncturedhefuturelight
coneof the other(a) sothatthe further motion of b is is un-
affectedby a which respondshowever, to both retardedand
advancedsignalsfrom b.*

An interestingpossibility is that a systemmight switch
back and forth betweencases andlIl. Considey for exam-
ple, two oppositelychaged particles,one very massve, the
othernot. Supposethey are initially constrainedsuchthat
boththeir world linesareinitially puretime-like upto atime
to whenthey arereleased.At this point the lighter particle
particle would acceleratdoward its partner which, by com-
parison,would remainvirtually stationary The extention of
theseworld lines into the future beyondty canbe computed
accordingto Eq. (9). Theworld line of the massie particle
would continuevirtually parallelto the segmentpreceeding
to, andfilar markscorrespondingo incrementsof T would be
evenly spaced. The world line of the lighter particle would
bothcurve andbeextendedby increasinglylongerincrements
for eachincrementalincreaseof 1. Becausdt is asymptot-
ically approachinga light like line, wherean infinitely long
line on the diagramhaszerolength, filar markson the light
particle’s world line appeato beatincreasingntenals. This
disparitywill causehelighter particleat somepointto punc-
turethefuturelight coneof theheavier particleandthesystem
will passinto the casell regimewherethe lighter particleis
freeandits world line straight.It canbeshowvn thateventually
thelighter particlewill re-emegeandthe systemagainenter
thecasel regime.

IIl. COMPARISON WITH FOKKER’'S FORMULATION

The featurespeculiarto this theory canbestbe delineated
by comparisonwith Fokker’'s formulation. The most out-
standingdifferenceis that Fokker’s formulationdoesnot ex-
ploit Eq. (3) and thereforeemploys a separateéndependent
parametefor eachparticle. Fokker’'s Lagrangianis not sim-
ply the sumof individual Lagrangiangatchedogetherin an
ad hoc manner; he arguedthat a truly fundamentalformu-
lation should proceedfrom the variation of a single system
Lagrangiarto a setof coupledequationof motion. The La-

1 Afterthe-factnote: Casell doesnotexist. Presuminghatit did, wasbased
on failure to take into accountthe fact that Lorentztransformsinducese-
vere anisotropismon Minkowski space,an error that leadsmary others
alsointo several problemsjncludingasymmetriaging.
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satisfieghesecriteriaandleads by meansof thevariation

N
6/2Ljdrj=o, i=1,2,...,N, (13)
]
to the equationf motion
ey _ B W (g (.
miXj(tj) = ZCZ(Fk|ret+Fk|adV) (Xa(Tj))y
k#]
j = 1,2,...N. (14)

Theseequationshowever, cannotbeintegratedby alocal pro-
cedureasis obviousif oneimaginesattemptinga machinein-

tegrationof the j-th equationat a givenvalueof 1. Suchan
integration;i.e., a calculationof the anincrementalkextention
of the world line for anincrementalincreasein tj, requires
knowledgeof the k-th world line on the forward light cone
of the j-th particle,which, in orderto be computedrequires
knowledgeof thei-th world line on the forwardlight coneof

the j-th particle,but this portion of this orbit is yetto be com-
puted,etc.,ad infinitum. In effect, the solutionis neededas
initial datain orderto computethe solutionin thisway.

Of course, advancedinteraction could be precludedby
changingthe upperlimit of integrationin Eq. (12) to T,
wheret;j is thatvalueof 1; whichincludesonly theretarded
potentialfrom the j-th particle; however, astj; would then
alsoappearin Eq. (12), it could be written asthe sumof in-
dividual Lagrangiansand, therefore,would not qualify asa
systemLagrangian.

Schemegan be imaginedwhich circumvent this problem
by somesort of global approachj.e., by seekingthe whole
solution at once. For example, perhapsthe solution could
be found asthe limit of a techniqueeachsuccessie stepof
whichgave acloserapproximatiorto theentireworld line. At
presenthowever, suchtechniqueslo notappearo have been
developed—EQqs(14) arein generalnumericallyandanalyti-
cally unsohable.

Egs.(9) and (10), on the otherhand, can always be inte-
gratedby machinebecausehe information neededio com-
puteeachincrementalncreasenf any world line in bothcases
| andll hasalreadybeencomputed Also by imaginingama-
chinecalculation,it is clearthatif eachparticle’s world line
betweenthe pastandthe future with respecto the samebut
otherwisearbitrarylight coneis givenasinitial data,thenthe
systemof world lines canbe extendedby calculationindefi-
nitely into the future or the past. Althoughthis type of initial
datais greaterthatthecustomaryCauchydata{x(1a), X(ta)},
it isageneratharacteristiof differential-delayequationghat
Cauchydataareinsufiicientto determinea particularsolution
asenoughinitial datamustbe givento spanthedelay[11; 12]

IV. RADIATION REACTION

Because the classical derivation of the mathemati-
cal expressionsfor radiation reaction emplgys advanced
potentials[13 whichthisformulationexcludesasapersistent
feature,anew physicalmodelof radiationreactionis needed.

Assumingthatthe universeasa wholeis electrically neu-
tral, let ustake it thata particularchage will induceamong
all otherchagesa coincidentvirtual negative imagechaige.
Radiationreactionis assumedhento be the interactionof a
chage with its own inducedimage. The equationsof mo-
tion for this systemareEq. (9), whereparticle1 is thechage
andparticle2 is its image. Solving this systemis madeeas-
ier by the following. One,to first order, x; equalsx, (mod-
ulo effects of radiationlag). Two, the interactionfrom the
inducedimageimplodeson the chage asif from an oppo-
sitely chaiged concentricsphericalshell. To an accelerated
chage, in its own frame, this interactionis identicalto that
of a pre-countefacceleratedhell, which in turn, is identical
to the sign-changedtime-reversedeffect of the chageitself;
i.e., F2|ret €qualsFi|agyv. With this substitution Egs. Eq. (9)
canbeaddedo give (notee; = —ey)

€a

MaXa = 2_C (Fa|ret— l:.51|adv) K (Xa)u s (15)
This equationis preciselythe startingpoint of Dirac’s deriva-
tion of an explicit form for the force of radiationreaction,

whichis nothereinreiterated.[1%

V. COMMENTS AND CONCLUSIONS

ThelLagrangian€qgs.(8) and(12) bothemploy anotational
gimmick that canleadto confusion. The problemis thatin
bothformulationstwo typesof integrationsappeareachwith
a distinct function. In Eq. (7) the integrationon 1 andin
Eqg. (13) the integrationon 1; belongto the variationalprin-
ciple; whereastheremainingintegrationsreally aresuperflu-
ous. They are part of a notationalgimmick usedto express
Liénard-Wechertpotentialin an elegantform by exploiting
thepropertiesof the Dirac deltafunction.[19 In fact,thedelta
functioncanbeexpandedndtheintegrationsoverthedummy
variablesty in Eq.(12)andt’ in Eq.(8) executedo write these
Lagrangiansn a moretransparentorm beforeexecutingthe
variation. This form would precludeconfusionregardingthe
distinctrolesof thevarioust’sandintegrationsalbeitatacost
in notationalelegance.

The structureof differential-diferenceequations suchas
Eq. (9), is suchthat thereis not a uniqueorbit througheach
pointis phasespace.This factis anotherfacetof therequire-
mentfor more than Cauchyinitial data. A consequencef
this factis that thereis no surface, space-lile or otherwise,
perpendiculato all orbitswhoseevolution is regulatedby the
dynamicssuchthatit couldbe parameterizely a singlevari-
able. This hasleadto the belief that a singlevariablecannot
beusedto parameterizall individual orbitsof a multiparticle
system;however, wheneachorbit is regardedindependently
no problemsarisefor lack of sucha surfaceor othersimple



correlationbetweerfilar marksonworld lines?

The essentialdifferencebetweenvarious formulationsof
the electromagnetitwo-body problemis the selectionof in-
teractions.Any formulationin which the theinteractionsare
derived from Liénard-Wechertpotentialsis consistentwith
Maxwell's equations. In this formulation the mathematical
formalism selectsonly retardedinteractionexceptwhenone
particle punctureghe future light coneof anotherto become
freewhile thelatter“sees’retardecandadvancednteractions.
Furtherstudy may show, however, that this transitioneffect
cannotoccurin realistic(mary-body) circumstancesBut, if
it doesoccur, it might confirmthe validity of this formalism.
Confirmationcanin principle alsobe obtainedby comparing
obsenedwith computedvorld lines(whentheformalismper
mits), but againmary-bodyor quantumeffectsprobablyinter-
veneto make this difficult or ambiguous.

In conclusion,this article describesa formulation for the
electromagneti¢orce whoseequationsof motion canbe in-
tegratedby a local schemdi.e., mechanically)landwhich re-
vealsa potentialnovel physicaleffect manifestedy straight
segmentsof world linesin interactingparticle. Moreover, this
formulationaffordsnew insightsinto radiationreaction.
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