
THE MULTI-BODY PROBLEM AND RESONANCE
IN QUANTUM MECHANICS

WERNERHEISENBERG(1901-1976)

A translationof:
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ABSTRACT. This paperpresentsanattemptto treatthemulti-bodyproblemin Quantum
Mechanics.For thispurposeweexaminecarefullya resonancephenomenoncharacteristic
of quantummulti-body interactionswhich is interrelatedwith BOSE-EINSTEIN statistics
andPAULI ’sExclusionPrinciple.

To date,QuantumMechanics(QM) [For HEISENBERG, QM is ‘matrix mechanics.’ —
trans.] hasbeenappliedonly to systemsconsistingof a single, mobile, massive body.
This limitation is a consequenceof the mathematicaldifficulties encounteredcomputing
individualamplitudes.Recentlygreatprogresshasbeenmadeby SCHRÖDINGER,1 on the
basisof DE BROGLIE’swavetheory2, whichprovidesasubstantiallymoremathematically
convenientapproachto QM. Justastheformal similarity of HAMILTON’s opticalanalogy
to classicalmechanicssetin multidimensionalspacesled to effectivemathematicalmeth-
ods,sonow SCHRÖDINGER’s ideasalsoleadto effectivemathematicaltechniques,alsoin
multidimensionalspaces,to attackQM problems.For asystemwith f degreesof freedom,
SCHRÖDINGER substitutesfor the QM problem,an eigenvalueproblemin a spaceof f
dimensions;wheretheenergiesof thestationarystatesaretheeigenvalues,andwherethe
coefficientsof seriesexpansionsin termsof eigenfunctions(oncethey have beenfound)
can be obtainedsimply by integration. Thereis, however, a differencein the physical
interpretationbetweenSCHRÖDINGER’s approachandours. In view of the mathemati-
cal equivalenceof thesetwo approaches,onecould considerthe issueof the underlying
physicalprocessesasa variationof our questionon theusefulnessof suchconsiderations;
at leastwhenthe purposeis not to extendQM on the basisof the resultingimagery. To
mentiona specificexample: to treatthe multi-body problem,while we strive to obtaina
viewpoint in accordwith QM, SCHRÖDINGER’s presentationtechniques3 seemto evoke
considerablemodificationsin theusualequations.I myself,with regardto interpretation
issues,believe that thereare casesfor which the wave picture is more forced than one
simplyenvisioningparticlesmoving aroundin aspacein whichanon-classicalkinematics
obtains.Onerecalls,for example,the imageof a spinningelectron. So far asI cansee,
moreover, SCHRÖDINGER’s approachis not a consequentialwave theoryof thesortpro-
motedby DE BROGLIE. The transferto an f -dimensionalspaceandcomputationof the
wavevelocity from theparticles’mutualpotentialenergy, representsa loanfrom thestock
of conceptspertainingto particulatematter. Even werea seriouswave theoryof matter

1E. SCHRÖDINGER, Ann.d. Phys.79, 361,489,734(1926).
2L. DE BROGLIE, Ann.dephys.,3 (10),22 (1925).
3Ref. [1], footnote,p. 750.
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2 W. HEISENBERG

developedin accordwith DE BROGLIE’s andEINSTEIN’s program,therestill would not
exist anexhaustive descriptionof atomicprocessesin termsof our usualspace-timecon-
ceptions.Despitetheever narrowing, closeanalogybetweenlight andmatter, onemight
considerthatawavetheoryof matterprovidesjustaslimited adescriptionof theempirical
resultsof atomicphysicsasthe wave theoryof light doesfor optics. In the light of this
analogy, it seemsto me to be an advantagefor QM that it is basedon particle ideasfor
matter;of coursethis doesnot meanthattheirmotionis governedby theusualspace-time
considerations.This situationmight have beenanticipated,sinceif particlesshouldbe
singularitiesin themetricstructureof space,asis theaimof proponentsof continuumthe-
ories,suchwould not bea descriptionin termsof our usualspace-timeconcepts—unless,
onewereto considera spacedeviating from the usualEuclideanspaceto be a “normal”
space.

In any case,I donotwishto discussfurtherthesedifficult problemsof physicalinterpre-
tation,which,at thecurrentstateof theory, cannotberesolved. We arehappy to notethat
the SCHRÖDINGER techniqueandQM mutually enricheachother, both mathematically
andin termsof imaginablecontentandanalogies,soasto enableever deeperpenetration
into thephysicalessenceof verysmallscaleprocesses.

The goal of this researchis a methodfor the QM treatmentof multi-body systems.
Suchappearsto befacedwith difficult obstacles,namely:theelementsof DE BROGLIE’s
wave theory that accommodatesBOSE-EINSTEIN statistics4, seemto have no analogue
in QM; auxiliary conditions,suchasPAULI ’s ExclusionPrinciple5, alsoseemsnot to fit
in this formulationof QM. Onemight suspectthat QM fails for the situationinvolving
equivalentorbits. Finally, let usrecalla difficulty in thequantitative treatmentof spectra:
the separationbetweensinglet and triplet lines in the spectrumof alkalineearthmetals
andHelium areanorderof magnitudetoo greatto beaccountedfor by the interactionof
spinningelectrons.

Thegoalof thefollowing researchis anexactanalysisof theconclusionsonecandraw
from a seriousapplicationof QM to themulti-bodyproblem. To announceour resultsin
advance:we shallseethattheproblemsmentionedaboveareresolved,suchthata natural
interrelationshipbetweenBOSE-EINSTEIN statisticsandQM canberecognized.

§1. Thesimplestimaginablemulti-bodysystemconsistsof two oscillators.As is well
known, sucha systemcanalwaysbedecoupledif theenergy of interactionis a quadratic
function of the coordinates. No one doubtsthat this systemcan be handledwith QM
withoutfurtherassumptions.Moreover, thisexamplecontainsall thefeaturescharacteristic
of thequantumtheoreticalmulti-bodyproblem,so thatwith its analysisonefinds all the
techniquesneededlater for the clarification of atomic spectra. This coupled-oscillator
problemexhibitsyetanotheradvantage:it is thattherearevirtually nodifferencesbetween
its classicaltheory, the old quantumtheory[BOHR’s theory—trans.] andQM; for each
quantumresultthereis anclassicalmechanicalanalogue.However, theanalysisof more
complex problemsdoesnot alwaysaccommodatesuchclassicalanalogues.

It is acharacteristicfeatureof atomicsystems,thatthecomponentsubsystemsof which
they arecomprised,namelytheelectrons,areidenticalandsubjectto identicalforces. In
orderto investthis featureinto our problem,weassumetheHAMILTONian to be:

(1) H � 1
2m

p2
1
� m

2
ω2q2

1
� 1

2m
p2

2
� m

2
ω2q2

2
�

mλq1q2;

4N. S. BOSE, Z. f. Phys.,26, 178(1924).Therelevantapplicationof thesestatisticsfor particlesis foundin:
A. EINSTEIN, Sitzungsber. d. preuß.Akad.d. Wiss., p. 261(1924)& pp. 3, 8 (1925).

5W. PAULI , Z. f. Phys.,31, 765(1925).
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i.e., thefrequenciesandmassesof thecoupledoscillatorsaretakento beidentical. In Eq.
(1), q1 � q2 denotethe coordinates,p1 � p2 themomenta,m andω the massandfrequency
respectively andλ theinteractionconstant.With helpof thewell known transformations:

(2) q�1 � 1�
2

�
q1

�
q2 ��� q�2 � 1�

2

�
q1 � q2 ���

Eq. (1) is transformedinto:

(3) H � 1
2m

p� 21 � m
2

ω � 21 � 1
2m

p� 22 � m
2

ω � 22 q� 22 �
where

(4) ω � 21 � ω2 � λ � ω � 22 � ω2 � λ 	
H separatesinto thesumof two oscillators,suchthateach

correspondsto a “principle resonancefrequency” or mode.
Whenonly thefirst mode,q�1, is excited,thenbothmassesos-
cillate in phase,andwhenonly q�2 is excited,out of phase,in
otherwords,with a phasedifferenceof π. (SeeFig. 1.)

The energies[accordingto QM] for the combinedsystem
arethengiveby theequation:

(5) Hn
1 � n
2 � ω �1h
2π

�
n�1 � 1

2 
 � w�2h
2π

�
n�2 � 1

2 
 �
wheren�1 andn�2 mustbewholenumbers,i.e., integers.Takingasa symbolfor eachterm
‘n�1n�2,’ onefindsthetermschematic(i.e.,energy level diagram)shown in Fig. 2, wherethe
differencebetweenthe

�
and � is to beignoredfor themoment.

Now we wish to explore the various transformationpro-
cesses.In orderto make ascloseananalogyaspossiblewith
an atomicsystem,we assumethat both oscillatorsaremade
from identicalmassesandconstrainedto oscillatealonga sin-
gle line. The electric dipole momentis then given in large
measureby q1

�
q2. Fromtheseconditionsit followsasonce,

asis evidentalsoon Fig. 1, thatonly thefirst oscillationmode
givesriseto anelectricmoment.Thus,in this approximation,
therecanbe only incrementsof 1 for ‘n�1’, that is, on Fig. 2,
only transitionsthat arevertical, no crossovers. For a dipole
momentsource,thereis radiationonly for thefirst term;qua-
dratic andhigherpolesyield only insignificantcontributions.
Suchhighertermsfor the radiationaredeterminedby homo-
geneoussymmetricalfunctionsof the secondorderin q1 and
q2 andtheir time derivatives.Whenq1 andq2 arereplacedus-
ing Eq. (2) by q�1 andq�2 � the termsthat arisearehomogeneousfunctionsof the second
andthird orderin q�1 andq�2, andwhich,by causeof thesymmetryin q1 andq2, allow the
coordinatesq�2 alongwith their time derivatives,to be expressedonly in anevennumber
of factors.Thatmeans,thatby all higherapproximationsfor radiation,n�2 canvary only
by an integer. Thus,thetransitionschematic,Fig. 2, canbedecomposedinto two partial
systems(

�
and � ), within which all transitionsarestrictly confined.Not evenexcitation

by collision,which canbeconsideredstimulationby a combinationof variousmultipoles,
cancausetransitionsbetweenthesepartial systems.This exclusion is, however, strictly
dependanton theabsoluteidentity of thetwo coupledoscillators.Whenever evena small
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differencein massor frequency is involved, transitionsbetweenthe subsystemsbecome
possible,for which theintensityis proportionalto thesizeof suchdifferences.

Let usreturnto considerationof identicaloscillators;in this
case,in theQM treatmentthereappearsa characteristicinde-
terminacy. Thequestionthenbecomes:in realityarebothsys-
temspresent,or only oneor theotherpartialsubsystem?Actu-
ally oneasksof a quantumsolutionto a problemonly that the
resultingtransitionschematicbe “closed,” i.e., that all lines,
andonly thoselines, appearthat actuallyoccur in nature;in
otherwords,thatall impossibletransitionsareassigneda van-
ishingprobability. Therefore,we maysaythatboththe

�
and

the � systems,andtheircombination,aresuitablequantumso-
lutionsfor thisproblem.Thequantumindeterminacy seemsto
meto bethesignificantaspectof thesolutionto this problem.
It providestheflexibility permittingbothBOSE-EINSTEIN sta-
tistics and PAULI ’s exclusion principle to be accommodated
within QM. Beforedetailedexaminationof thismatter, I would
liketo reemphasizethatcoupledsystemsin QM alwaysexhibit
thefeaturesseenin this problem.

§2. In classicalmechanicsonefinds that two periodicos-
cillating systemscancomeinto resonanceif the frequencies
of theseparatesystemsareindependentof theenergy andare
approximatelyequal.Resonancein this senseoccursonly amongharmonicoscillators.In
QM—in accordwith generallaboratoryobservations—two atomicsystemsresonatewhen
theabsorptionfrequency of onesystemcoincideswith theemissionfrequency of theother;
becauseof the essentiallinearity of quantumequations,resonancethereis a muchmore
commonphenomenonthanit is in classicaltheory.

For detailedanalysis,let usconsidertwo identicalsystems,a andb, eachhaving f de-
greesof freedomandcoupledwith asymmetricinteractionenergy of, λH1. Theindividual
systemsmustnot bedegenerate;theenergiesof theirstationarystatesaregivenby Ha

n and
Hb

m.
To begin, let usconsiderthesumof thetwo systemswhile ignoringtheinteraction,so

thatthecombinedenergy for thestationarystate“m� n” is then:

(6) Hn �m � Ha
n
�

Hb
m 	

This total systemsuffersthena characteristicdegenerationin its resonancebecause:

(7) Hn �m � Hm� n �
i.e., eacheigenvalueis doubled,with the exceptionof thosefor which n � m. In other
words, thereis always a degeneracy-resonanceif the two systemsstart out in different
states;in this caseanexchangeof thetwo systemsyieldsthesameenergy; only whenthe
componentsystemsarein thesamestate,doestheresonance(or thedegeneracy) notoccur.
Fig. 3 is anexampleof a transitionschematicfor this case.

In systemswith interactionthis degeneracy is lifted; andaregularsecularoscillationof
energy backandforth betweenthecomponentsystemstakesplace.Formally, theconnec-
tion is asfollows: the additionalenergy W1 of the perturbedsystemsis to first approxi-
mationequalto the time averagedmeanvalueof the unperturbedenergy H1. This mean
valuein generalencompassestermsthatcorrespondto transitionsin which systemsa and
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b exchangeplaces.Thus,onemustintroducea canonicaltransformationsuchthatW1 be-
comesa diagonalmatrix. This calculationcanbefoundin6. Thecanonicaltransformation
shouldbe:

(8) W1 � S� 1H1S�
(9) q� � S� 1qS�
whereS is amatrix,which likeH1, hasonly diagonalelementsthatcorrespondto thetran-
sitionsbetweenequalenergy states.For nondegeneratestates,the valuesof thediagonal
matrix entriesareall equalto ‘1.’ This requiresthesolutionof two linearequationswith
theunknowns,Sn �m andSm� n, :

(10) � W1 � H1 � nm� nm� H1 � nm� mn�� H1 � mn� nm� W1 � H1 � mn� mn��� � Snm

Smn � � � 0
0 � 	

In view of the symmetryof H1 with respectto the systemsa andb, i.e., H1 � nm� nm� �
H1 � mn� mn� andH1 � nm� mn� � H1 � mn� nm� , Eq. (10)becomes:

(11) � W1 � H1 � nm� nm� H1 � nm� mn�� H1 � nm� mn� W1 � H1 � nm� nm��� � Snm

Smn � � � 0
0 � 	

It is useful, to enumerateboth solutionsfor W1, obtainedfrom Eq. (11) by setting
the determinateof the 2 � 2 matrix in Eq. (11) equalto 0, by nm andmn. It must be
keptin mind,however, thatthesenumberscorrespondto quantumnumbers,n� of themain
oscillationmodesconsideredin §1,andnotto thestatesof thecomponentsystems.Rather,
in eachstate,bothcomponentsystemsexecutethesamemotion(but with differentphases).
Thesolutionsto Eqs.(11) turnout to be:

(12)

W1
nm

� H1 � nm� nm� � H1 � nm� mn� ;
Snm� nm

� 1 � � 2 � Smn� nm
� 1� � 2;

W1
mn

� H1 � nm� nm��� H1 � nm� mn� ;
Snm� mn

� 1� � 2 � Smn� mn
� � 1 � � 2 	

Theimmediateeffect of an interactionis to make all energiesdistinct. Thetermdiagram
thenbecomesthatdepictedin Fig. 4.

The transitionspectrum—andthis our crucial result—canbe seento be composedof
two, absolutelyseparate,systems(

�
and � on Fig. 4). Emissionsare representedby

functionsof p andq, whichfor anexchangeof thesubsystemsdonotchangevalue.If these
functionsaregivenby f, thentheirmatrixelementsafterthecanonicaltransformation,Eq.
(8) by S:

(13) f � � S� 1fS �
thatis, by virtueof thesymmetryof f:

1. When:n1 �� m� n2 �� m� n �� m1 � n �� m2,

(14)

f �n1m� n2m
� 1 � 2 � fn1m� n2m

�
fmn1 � mn2

�
fn1m� mn2

�
fmn1 � n2m� �� fn1m� n2m

�
fn1m� mn2 	

f �nm1 � nm2
� 1 � 2 � fnm1 � nm2

�
fm1n � m2n � fnm1 � m2n � fm1n � nm2 � �� fnm1 � nm2 � fnm1 � m2n 	

f �n1m� mn2
� 1 � 2 � fn1m� n2m � fmn1 � mn2

�
fmn1 � n2m � fn1m� mn2 � � 0 	

f �nm1 � m2n
� 1 � 2 � fm1n � m2n � fnm1 � nm2

�
fm1n � nm2 � fnm1 � m2n � � 0 	

6M. BORN, W. HEISENBERG, andP. JORDAN, ‘QuantenmechanikII,’ Z. f. Phys., 35, 557(1926),p. 589.
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2. For combinationsof statesfor which the componentsystemsare in “equivalent
states”7:

(15)
f �n1m� mm

� 1 � � 2
�
fn1m� mm

�
fmn1 � mm� � �

2 fn1m� mm	
f �mm1 � mm

� 1 � � 2
�
fm1m� mm � fmm1 � mm� � 0 	

All combinationsbetweenthecomponentsubsystems
�

and� vanish.Theline intensitieswithin eachsubsystemto first ap-
proximationarethesameastheintensitiesof thetermsfor the
separatesubsystemsa andb; becauseamplitudesof the type
fn1m� m� n2, correspondto simultaneoustransitionsin both sys-
tems,which vanishto first order. However, combinationswith
thosestates,that correspondto equivalentstatesfor the sys-
temsa andb, have an intensity, per Eqs. (15), twice aslarge
asthatof a componentsystem.Theotherrow of termshasno
suchstate.The“total intensity”of thecombinedsystem,there-
fore, remainsto first approximationunalteredby resonance.

Thedivision into the separatecolumnsof termscannotbe
affectedby influencefrom outside. Evidently the very same
conditionspertainhereasin thespecialexamplein §1. Theab-
senceof intersystemcombinationsis a consequenceof theab-
soluteidentityof thecomponentsystems;assoonasthesesys-
temsaredistinguishable,however, intersystemcombinations

arise.Moreover, thequantumsolutionhasthesameindeterminatecharacterasmentioned
above; both thesystem

�
and � eachindividually andin combinationarevalid asa com-

pletesolutionfor theproblem.
It maybeof interesttoconsiderthisresonancephenomenonin termsof SCHRÖDINGER’s

formulation.To begin, we take asknown theoriginal subsystems’normalizedeigenfunc-
tions,ϕa

n andϕb
m, for stateswith energiesHa

n andHb
m respectively. Then,for example,the

matrixelementn1n2 of thecoordinateqa
k for thesystema, is:

qa
k

�
n1 � n2 � ��� 	�	�	 � qa

kϕa
n1

ϕa �
n2

dqa
1 	�	�	 dqa

f 	
If onecombinesthe systems,thenthe energy is given by Hn � m � Ha

n
�

Hb
m andpertains

to the stateϕa
nϕb

m. To the solutions,Eqs. (12), thereareeigenfunctionsfor theperturbed
systemobtainedfrom theunperturbedsystemby applicationof thematrix S. Specifically,
to theEnergiesW1

nm andW1
mn correspond,respectively, thefollowing states:

(16)
1 � � 2

�
ϕa

nϕb
m
� ϕa

mϕb
n ���

1 � � 2
�
ϕa

nϕb
m � ϕa

mϕb
n � 	

Theabsenceof interactionbetweenthe componentsystemsa andb follows simply from
thefactthat,anintegral overa functionsymmetricin a andb, or overanoperatorf of the
type:

(17)
1
2
� f

�
ϕa

nϕb
m
� ϕa

mϕb
n � � ϕa

nϕb
m � ϕa

mϕb
n � � dqa

1 	�	�	 dqb
f �

thatchangessignwhena andb areexchanged,but otherwiseretainsits value,mustequal
zero.

§3. As anexampleof theapplicationof thisgeneraltheory, weconsiderbriefly herethe
Heliumatom;for comprehensivetreatment,I intendto returnlater.

7In this paperthe expression“equivalent states”refersto the unperturbedsystem. In perturbedsystems,
componentsubsystemsalwaysexecutethesamemotion,but with differentphases.
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3.1. Let usassumethatelectronsarepoint chargeswithout magneticor spin momen-
tum. In this casethe essentialfeaturesof the transitionchart areshown in Fig 4. The
two systemsinto which the chartsplits, arepara-andorthohelium. Transitionsbetween
themareessentiallyimpossible. The energy differencebetweenthe termsfor para-and
orthoheliumcanbeattributedto resonancemotioncausedby mutualCoulombrepulsion.
This energy differenceis, clearly, of the sameorderof magnitudeasthe deviation from
thehydrogen-like termthat is dueto shielding. Moreover, from Fig. 4, it is obviousthat
theS1 termcanbepresentin only oneof thecomponentsystems.That this is thesystem
for which energy is higherin general,follows from calculations.Transitionprobabilities
within para-and orthoheliumare to first approximationidentical to thosein hydrogen;
exceptthatparaheliumtransitionsto the1Stermshouldberoughlytwice asfrequent.

Shouldonewish to constructa moreor lesssensibleimageor pictureof themotionof
theelectronsin anatomcorrespondingto thequantumsolution,thenhemustimaginethat
bothelectronsarecontinuouslyexchangingplaceswith constantperiod,in analogyto the
periodicenergy swingsseenfor theoscillatorsconsideredabove,wheretheperiodof the
swingingis givenby thedifferenceof paraheliumtermsfrom thoseof orthohelium.

3.2. We areremindedof the COMPTON-UHLENBECK-GOUDSMIT hypothesis8, to the
effect thatelectronscanbe thoughtof assmallmagnetictops,to which we would like to
attributeto eachadistinctdirectionto its axis.Then,althoughlittle is changedqualitatively
in Fig. 4, therearisessmall interactionsbetweenortho-andparaheliumdependingon the
specificorbitsandthestrengthof themagneticinteraction.In this case,theelectronsare
no longerstrictly identical.

3.3. Let us considerarbitrary directionsfor theseelectromagnets;then calculation
shows that eachterm on the chartsplits into four terms,correspondingto the statistical
weightof the electromagnets,andthat the chartretainsits form astwo completelysepa-
ratedsystems,sincetheelectronsare,onceagain,identical.But thedistribution is altered
(compareFig. 5

�
and � .). Onesystempresentsaspectrumof termsfor whichorthohelium

is a triplet systemandparaheliumasinglet,whereastheothersystemreversesthispattern.
Interconnectionsbetweenortho- andpara-systemsoccur, asdescribedin §2, with an in-
tensitydependingon the interactionbetweentheorbitsandelectromagnets.On theother
hand,thereareno interconnectionsbetweenthe

�
and � systems.Onecansummarize

thephysicalsituationasfollows: betweenbothelectronsthereoccursa largeelectricres-
onance,which is perturbedby themagneticinteractionsothat transitionsbetweenortho-
andparaheliumdo occur. But, with deeperexaminationit is seenalsothatfiner magnetic
resonancesoccur, which in turn ledto adivisionof thetermchart.Calculationssupporting
thisexplanationwill bepublishedshortly.

§4. For the helium spectrumit is an empirical fact that only oneof the systemsde-
pictedin Fig. 5 is observed; and,asfar asI cansee,at leastqualitatively, that the other
systemsdo not exist in nature.This fact seemsto me—whenwe assume,that the results
derivedhereinfor two componentsystemscanbegeneralizedto anarbitrarynumber—to
imply a connectionbetweenthequantumindeterminacy emphasizedherein,PAULI ’s Law
andBOSE-EINSTEIN statistics.If only the � systemoccursin nature,this givesuscause
on the onehandto reducethe statisticalweight just in the sensemeantby BOSE; and,
on the otherhand,by the properselectionof the orbits, PAULI ’s exclusionof equivalent
orbitsis coincidentlysatisfied.Thegeneralizationof theseresultsto n componentsystems
proceedsin thefollowing manner. Then! permutationsof n systemsyield in generalanin-
teractionenergy with thesameeigenvalue.But, by causeof theinteractionthisdegeneracy
is lifted; thetermchartsplitsinto n! partialsystems.Amongthem,it turnsout,thereis one

8A. H. COMPTON, J. Frankl. Inst. 192, 145(1924);E UHLENBECK andS. GOUDSMIT, Naturwiss.13, 953
(1925).
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systemthathasno equivalentorbitsandcannotbecombinedwith all theothers,it is this
systemthat occursin natureandconstitutesthe real solution. Simultaneously, thereis a
reductionof thestatisticalweightfrom n! to 1 for theBOSE-EINSTEIN enumeration.The
formulationdescribedhere,therefore,goesbeyondthe BOSE-EINSTEIN oneinsofar asit
selectsfrom then! possibilitiesa particularsolution,which involvesno equivalentorbits,
andthereforesatisfiesPAULI ’s exclusionprinciple. A reasonthat just this systemof all
thepossiblequantumsolutionsarises,cannotbefoundin simplequantumcalculations.It
seemsto me,nevertheless,to bean importantresultof this study, that PAULI ’s exclusion
principle andBOSE-EINSTEIN statisticshave the sameorigin, andthat they do not con-
tradictQM. In addition,a paradoxemphasizedoftenby EINSTEIN hasananaloguein our
considerations:whenthesystemsto becoupledaredistinct, thenclassicalstatisticsmust
bevalid for them,in principleup to vanishinglysmalldifferentiations.In spiteof this, the
countingmethodfor differentiatedsystemsis discontinuouslydifferent.For differentiated
systemsthecalculationsgivenhereinmustremainvalid, becausetransformationsbetween
then! systemsdo occur;thus,no componentsystemcanbeexcluded.Thesetransforma-
tions however, occurever moreseldomby causeof diminishingdifferencesbetweenthe
particles. Whenthe transitionamplitudesget smallerthanthat finite sizedefinedby the
sharpnessof thestate,then,logically it becomespossibleto completelyexcludetransitions
andthusto requirechangingthecountingmethod.It mustbeemphasized,that thesecon-
siderationsimply thatafinite interactionamongthecomponentsystemsis necessaryto get
a changein thecounting.Whentheperiodsof theof this resonanceeffect becomelonger
thanthelifetime of thestate,obviously, thesecalculationslosetheirmeaning.

We have emphasizedabove, thatexclusionof all termsys-
temsup to a particularone is possiblewithout violating any
quantumprinciple. Onemustnote,however, that this brings
with it certaincharacteristicrestrictions.In particularit is that
this exclusionimplies that it makesno physicalsenseto talk
aboutthemotionof asingleelectronor of themotionof atomic
electronsspecifiedby amatrixof anonsymmetricfunction. In
general,sucha matrix would containtermsthatcorrespondto
transitionsbetweensubsystemsthatin factdonot occurin na-
ture. Therefore,for example,for the nonsymmetriccase,the
exchangerelationship[commutationrelationship]in its usual
form cannotbe given a physicalinterpretation;in contrastto
a symmetricform of this condition. This is only a formal restriction,however, insofar as
in principle all observable intensitiesresult essentiallyfrom symmetricfunctionsof the
electrons.

Theschemedescribedherehastobetakenasprogrammatic,solongasthemathematical
analysisof systemsof n identicalparticleshasnot beencompleted.I would like therefore,
to adda brief explanationof how term systemsnot involving equivalentstatesthat can
constitutea uniquesolutioncanbeconstructed.

Considern completelyidenticalsubsystemswhich arein stablestatesspecifiedby the
quantumnumbersm1 � m2 � 	�	�	 � mn. Thus,all total systemsconsistingof permutationsof the
n subsystemshavethesametotalenergy. Theinteractionenergy, H1, to first approximation
containsonly termsthatcorrespondto transitionsfrom at mosttwo subsystemswhenH1

is composedof thesumof interactionsof two subsystems.To renderthematrixof thetime
meanenergies,W1, diagonal,asin §2, we mustfind a canonicaltransformationmatrix.
Thedeterminationof this matrix is actuallya well known problemin finding thesolution
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to a systemof n! equationswith n! unknowns, denotedSk. Let us denotewith H1
α that

term in H1 that correspondsto no transitionsbetweensubsystems;and,thosetermsthat
correspondto anexchangeof two of thequantumnumbersm1 � m2 � 	�	�	 � mn, by H1

β � H1
γ � 	�	�	H1

ν
of whichtherearen

�
n � 1� � 2 in number. Then,let usorderthen! termsrepresentingequal

energies,suchthat the first position is for the statem1 � 	�	�	 � mn, thenall states,which are
obtainedthroughone“transposition”;thereafterthosewhich from the initial distribution,
two transpositionareneeded,etc.Thecharacteristicdeterminatefor then! linearequations
thentakestheform:

(18)

������������

W � H1
α � H1

β � H1
γ 	�	�	 � H1

ν 0 	�	�	�	 0� H1
δ W � H1

α 0 	�	�	 0 � H1
ε 	�	�	�	� H1

η 0 W � H2
α 0 	�	�	�	�	 � H1

ξ 	�	�	�		�	�	 	�	�	 	�	�	 	�	�	 	�	�	 	�	�		�	�	 	�	�	 	�	�	 	�	�	 	�	�	 	�	�		�	�	 	�	�	 	�	�	 	�	�	 	�	�	 	�	�	

������������
A solutionfor this setof equationsis:

(19) W1 � H1
α � H1

β � H1
γ � 	�	�	 � H1

ν ; Sk
� 1�

n!

� � 1� δk �
whereδk denotesthenumberof transpositionsthatarenecessaryin orderto get from the
statem1 � 	�	�	 � mn to thatstatewith thenumberk. ThecorrespondingSCHRÖDINGER wave
eigenfunctionis

(20) ϕ � 1�
n!

∑
� � 1� δkϕ1

�
mk

α � ϕ2
�
mk

β � 	�	�	 ϕn
�
mk

ν ���
whereδk againis the numberof transpositionsneededto turn the sequencem1m2 	�	�	mn

into mk
αmk

β 	�	�	mk
ν. The functionsϕ have thepeculiarcharacteristicthat for anexchangeof

thequantumnumbersfor thesecondsubsystem,it changessign.Fromthis fact,it follows
immediatelythatthetermsystemcorrespondingtoEq. (20)includesnotermswithin which
equivalentstatesareincluded.Theeigenfunctionψ for suchastatemustbeinvariantunder
exchangeof equivalentstates.If f is afunction(or anoperator)representingradiation,and
thereforenecessarilysymmetric,thentheintegral

(21) � f ψϕdΩ � 0 �
becausefor theexchangeof equivalentsubsystemsit mustbothchangesignandnotchange
value.

One can seeby deduction(reasoningfrom n to n
�

1) that termsof the type in Eq.
(20) actuallyconstitutea closedsystem,i.e., that they includeno equivalentsubsystems.
However, so far I have not beenable to prove this rigorously. With exceptionof this
technicality, Eq. (20) canbeconsidereda definitive constructionof thesolution’s energy
level diagram.

After this rathermathematicaladdendum,let mereturnto theissueof physicalcontent
of this study. The relationshipof BOSE-EINSTEIN statisticsof identicalparticlesto QM
is determinedby thechoiceof a particularmechanicalsolutionamongmany possibilities.
Sucha choicefor sufficiently small interactionconsistsessentiallyin the phaserelation-
shipsbetweentheparticlesof thesubsystems.Perhapswith deeperinvestigationonecould
exposethesephaserelationships,andthey would be seenasdirect analoguesto interfer-
enceof DE BROGLIE waves.Possiblyeven,deeperanalysiswouldrevealthatthebasisfor
theselectionof theparticularsolutionexistsalreadyin thecomplicationstypically arising



10 W. HEISENBERG

in couplingproblems.To me,however, it seemsfrom theabove considerationsto follow,
that suchdifficulties needno solutionif the goal is to forecastthe emissionspectrumof
atoms.Atomic spectraaredeterminedsatisfactorilyby QM alone.

Translatedby A. F. KRACKLAUER c
�

2006


