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ABSTRACT. This paperpresentsan attemptto treatthe multi-body problemin Quantum
Mechanics For this purposewve examinecarefullyaresonanc@henomenogharacteristic
of quantummulti-body interactionswhich is interrelatedwith BOSE-EINSTEIN statistics
andPauLl’'s ExclusionPrinciple.

To date,QuantumMechanic{QM) [For HEISENBERG, QM is ‘matrix mechanics.—
trans.] hasbeenappliedonly to systemsconsistingof a single, mobile, massie body.
This limitation is a consequencef the mathematicabifficulties encounteredomputing
individualamplitudes Recentlygreatprogresshasbeenmadeby SCHRODINGER,' onthe
basisof DE BROGLIE’s wave theory, which providesa substantiallymoremathematically
corvenientapproacto QM. Justasthe formal similarity of HAMILTON’s opticalanalogy
to classicaimechanicsetin multidimensionakpaceded to effective mathematicameth-
ods,sonow SCHRODINGER's ideasalsoleadto effective mathematicalechniquesalsoin
multidimensionakpacesto attackQM problems.For a systemwith f degreesof freedom,
SCHRODINGER substitutesfor the QM problem, an eigervalue problemin a spaceof f
dimensionswherethe enepgiesof the stationarystatesarethe eigervalues,andwherethe
coeficientsof seriesexpansiondn termsof eigenfunctiongoncethey have beenfound)
can be obtainedsimply by integration. Thereis, however, a differencein the physical
interpretationbetweenSCHRODINGER'S approachandours. In view of the mathemati-
cal equivalenceof thesetwo approachespne could considerthe issueof the underlying
physicalprocesseasa variationof our questionon the usefulnes®f suchconsiderations;
at leastwhenthe purposeis not to extend QM on the basisof the resultingimagery To
mentiona specificexample: to treatthe multi-body problem,while we strive to obtaina
viewpointin accordwith QM, SCHRODINGER'S presentatiortechnique$ seemto evoke
considerablenodificationsin the usualequations.l myself, with regardto interpretation
issues,believe that there are casesfor which the wave picture is more forced than one
simply envisioningparticlesmoving aroundin aspacean whichanon-classicakinematics
obtains. Onerecalls,for example,the imageof a spinningelectron. Sofar asl cansee,
moreorer, SCHRODINGER'S approachs not a consequentialvave theoryof the sort pro-
motedby DE BRoOGLIE. Thetransferto an f-dimensionakpaceandcomputationof the
wave velocity from the particles’mutualpotentialenegy, represents loanfrom the stock
of conceptyertainingto particulatematter Evenwere a seriouswave theory of matter

1E. SCHRODINGER, Ann.d. Phys.79, 361,489,734 (1926).
2L. bE BROGLIE, Ann.dephys. 3 (10), 22 (1925).
SRef. [1], footnote,p. 750.
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developedin accordwith DE BROGLIE'S and EINSTEIN’s program,therestill would not
exist an exhaustve descriptionof atomicprocessef termsof our usualspace-timecon-
ceptions.Despitethe ever narraving, closeanalogybetweeright and matter onemight
considerthata wave theoryof matterprovidesjust aslimited a descriptionof theempirical
resultsof atomic physicsasthe wave theoryof light doesfor optics. In the light of this
analogy it seemso meto be an advantagefor QM thatit is basedon particle ideasfor
matter;of coursethis doesnot meanthattheir motionis governedby theusualspace-time
considerations.This situation might have beenanticipated,sinceif particlesshouldbe
singularitiesn themetricstructureof spaceasis theaim of proponent®f continuumthe-
ories,suchwould not be a descriptionin termsof our usualspace-timeoncepts—unless,
onewereto considera spacedeviating from the usualEuclideanspaceto be a “normal”
space.

In ary case] donotwishto discusgurtherthesedifficult problemsof physicalinterpre-
tation,which, at the currentstateof theory cannotberesohed. We arehapyy to notethat
the SCHRODINGER techniqueand QM mutually enrich eachother, both mathematically
andin termsof imaginablecontentandanalogiesso asto enableever deepermpenetration
into the physicalessencef very smallscaleprocesses.

The goal of this researchis a methodfor the QM treatmentof multi-body systems.
Suchappeargo befacedwith difficult obstaclesnamely:theelementof DE BROGLIE'S
wave theory that accommodate80Se-EINSTEIN statistic§, seemto have no analogue
in QM; auxiliary conditions,suchas PauLI’s ExclusionPrinciple’, alsoseemsnot to fit
in this formulation of QM. One might suspecthat QM fails for the situationinvolving
equivalentorbits. Finally, let usrecalla difficulty in the quantitatve treatmenif spectra:
the separatiorbetweensingletandtriplet lines in the spectrumof alkaline earthmetals
andHelium arean orderof magnitudetoo greatto be accountedor by the interactionof
spinningelectrons.

Thegoalof thefollowing researchs anexactanalysisof the conclusion®necandrav
from a seriousapplicationof QM to the multi-body problem. To announceour resultsin
adwance:we shall seethatthe problemsmentionedabove areresoled, suchthata natural
interrelationshibetweernBosE-EINSTEIN statisticsaandQM canberecognized.

81. The simplestimaginablemulti-body systemconsistof two oscillators.As is well
known, sucha systemcanalwaysbe decoupledf the enegy of interactionis a quadratic
function of the coordinates. No one doubtsthat this systemcan be handledwith QM
withoutfurtherassumptionsMoreover, thisexamplecontainsall thefeaturesharacteristic
of the quantumtheoreticalmulti-body problem,so thatwith its analysisonefinds all the
techniquesneededater for the clarification of atomic spectra. This coupled-oscillator
problemexhibitsyetanothemdvantageit is thattherearevirtually no differencedbetween
its classicaltheory the old quantumtheory[BOHR's theory—trans.] and QM; for each
guantumresultthereis an classicaimechanicabnalogue However, the analysisof more
complex problemsdoesnot alwaysaccommodatsuchclassicaknalogues.

It is acharacteristi¢eatureof atomicsystemsthatthecomponensubsystemsf which
they arecomprised namelythe electronsareidenticalandsubjectto identicalforces. In
orderto investthis featureinto our problem,we assumehe HAMILTONianto be:

1 m 1 m
1 H = —pf+ =’} + — p3 + —= W’q5 + MAqLQp;
(1) omPLt WL+ 5 P2+ 5 Wds + MAGL02
4N. s BoOsSE, Z.f. Phys.,26, 178(1924). Therelevantapplicationof thesestatisticsfor particlesis foundin:

A. EINSTEIN, Sitzungsberd. preu.Akad.d. Wiss, p. 261(1924)& pp. 3, 8 (1925).
SW. PauLt, Z.1. Phys. 31, 765(1925).
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i.e., thefrequenciemandmasse®f the coupledoscillatorsaretakento beidentical. In Eq.
(1), g1, g2 denotethe coordinatesp;, p2 the momentam andw the massandfrequengy
respectiely andA theinteractionconstantWith help of thewell known transformations:

1 1

2 / I / P _
2 a1 \/Z(Q1+Q2), o2 \/i(ql %),
Eq. (1) is transformednto:

Sl o mp 1, Mmoo
(3) H_Zmpl+20)’l+2mp2+2%q2’
where
(4) W=’ +A, of =@’ —\.

H separatemto the sumof two oscillators,suchthateach ar Qe
correspondgo a “principle resonancdrequeng” or mode.
Whenonly the first mode,q}, is excited,thenbothmasse®s-
cillate in phaseandwhenonly d, is excited, out of phasejn
otherwords,with a phasealifferenceof 1. (SeeFig. 1.)

The enegies[accordingto QM] for the combinedsystem Fig. 1
arethengive by theequation:

wih 1 w,h 1

(5) Huy o, = S5 (n’1+ 5) + (n’z+ 5) :
wheren] andn, mustbe whole numbersj.e., integers. Taking asa symbolfor eachterm
‘myn),, onefindsthetermschematici.e.,enegy level diagram)shawvn in Fig. 2, wherethe
differencebetweerthe + ando is to beignoredfor themoment.

Now we wish to explore the various transformationpro-
cessesln orderto make ascloseananalogyaspossiblewith EL
an atomic system,we assumethat both oscillatorsare made °
from identicalmassesndconstrainedo oscillatealonga sin- +
gle line. The electric dipole momentis then given in large
measurdy i + 2. Fromtheseconditionsit follows asonce, 20
asis evidentalsoon Fig. 1, thatonly thefirst oscillationmode °
givesriseto anelectricmoment.Thus,in this approximation,
therecanbe only incrementsof 1 for ‘ny’, thatis, on Fig. 2,
only transitionsthat are vertical, no crosseers. For a dipole o,
momentsource thereis radiationonly for thefirst term; qua-
dratic and higherpolesyield only insignificantcontrikbutions.
Suchhighertermsfor the radiationare determinedoy homo- o
geneousymmetricalfunctionsof the secondorderin g; and
g2 andtheirtime derivatives.Whenq; andq, arereplacedus-
ing Eq. (2) by g} andd, the termsthat ariseare homogeneougunctionsof the second
andthird orderin ¢ andd),, andwhich, by causeof the symmetryin g; andap, allow the
coordinatesy, alongwith their time derivatives,to be expressednly in anevennumber
of factors. Thatmeansthatby all higherapproximationdor radiation,n;, canvary only
by aninteger Thus,thetransitionschematicFig. 2, canbe decomposedéhto two partial
systemgq+ ando), within which all transitionsarestrictly confined. Not even excitation
by collision, which canbe consideredtimulationby a combinationof variousmultipoles,
can causetransitionsbetweenthesepartial systems. This exclusionis, however, strictly
dependanbn the absolutedentity of thetwo coupledoscillators.Wheneer evena small

Fig. 2
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differencein massor frequeng is involved, transitionsbetweenthe subsystem&ecome
possible for which theintensityis proportionalto the sizeof suchdifferences.
Let usreturnto consideratiorof identicaloscillators;in this

case,n the QM treatmenthereappearsa characteristiénde- 42 24
terminag. Thequestiornthenbecomesin reality arebothsys- o o
temspresentpr only oneor theotherpartialsubsystem?Actu- 6; f o o
ally oneasksof a quantumsolutionto a problemonly thatthe S1 15 32 23
resultingtransitionschematidbe “closed; i.e., thatall lines, )
andonly thoselines, appearthat actually occurin nature;in Al ta
otherwords,thatall impossibletransitionsareassigned van- °
ishing probability. Therefore we maysaythatboththe + and o ee

theo systemsandtheir combination aresuitablequantumso-
lutionsfor this problem.Thequantumindeterminag seemso
meto bethe significantaspecof the solutionto this problem.
It providestheflexibility permittingbothBOSE-EINSTEIN sta- oo
tistics and PauLI’s exclusion principle to be accommodated ~ °! ¢
within QM. Beforedetailedexaminationof thismatter | would
liketo reemphasizthatcoupledsystemsn QM alwaysexhibit
thefeaturesseenin this problem.

§2. In classicalmechanicnefinds thattwo periodicos- ° -
cillating systemscan comeinto resonancef the frequencies @
of the separatesystemsareindependentf the enegy andare
approximatelyequal.Resonancén this senseoccursonly amongharmonicoscillators.In
QM—in accordwith generalaboratoryobsenations—two atomicsystemgesonatavhen
theabsorptiorfrequeng of onesystenmcoincideswith theemissiorfrequeng of theother;
becausef the essentialinearity of quantumequationsyesonancehereis a muchmore
commonphenomenothanit is in classicatheory

For detailedanalysis et us considenwo identicalsystemsa andb, eachhaving f de-
greesof freedomandcoupledwith a symmetricinteractionenegy of, AH*. Theindividual
systemsmustnot bedegeneratethe enepiesof their stationarystatesaregivenby H2 and
HE.

To begin, let us considerthe sumof the two systemswhile ignoring the interaction,so
thatthecombinedenepy for the stationarystate*m, n” is then:

(6) Hom = H3 +Hp.
Thistotal systemsuffersthena characteristidegeneratiorin its resonancéecause:
@) Hnm = Hmn,

i.e., eacheigervalueis doubled,with the exceptionof thosefor which n = m. In other
words, thereis always a degenerag-resonancef the two systemsstartout in different
statesjn this casean exchangeof thetwo systemsyieldsthe sameenegy; only whenthe
componensystemsrein the samestate doestheresonancé¢or thedegenerag) notoccur
Fig. 3 is anexampleof atransitionschematidor this case.

In systemawith interactionthis degenerag is lifted; andaregularseculamscillationof
enegy backandforth betweerthe componensystemdakesplace.Formally, the connec-
tion is asfollows: the additionalenegy W? of the perturbedsystemss to first approxi-
mationequalto the time averagedmeanvalue of the unperturbedenegy H*. This mean
valuein generalencompassegrmsthatcorrespondo transitionsin which systemsa and
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b exchangeplaces.Thus,onemustintroducea canonicakransformatiorsuchthat W be-
comesa diagonalmatrix. This calculationcanbefoundin®. The canonicaktransformation
shouldbe:

(8) wl=s1HIs,

9) q=S"gS,

whereSis amatrix, whichlike H1, hasonly diagonalelementghatcorrespondo thetran-
sitionsbetweenequalenepy states.For nondgjeneratestatesthe valuesof the diagonal
matrix entriesareall equalto ‘1." This requiresthe solutionof two linear equationswith

theunknawns,Sym andSnp, :

(10) [Wing(m”;r:)m) Wl”_l.ﬁ”f‘(‘m”;”?m) ] [ 2:2 ] - [ 0 ]

In view of the symmetryof H with respectio the systemsa andb, i.e., H}(nm nm) =
H1(mn mn) andH(nm mn) = H(mn, nm), Eq. (10) becomes:

[ W [ 32]- (5]

It is useful, to enumerateboth solutionsfor W2, obtainedfrom Eq. (11) by setting
the determinateof the 2 x 2 matrix in Eq. (11) equalto 0, by nmandmn It mustbe
keptin mind, hawever, thatthesenumberscorrespondo quantumnumbersn’ of themain
oscillationmodesconsideredn 81, andnotto thestatesof thecomponensystemsRather
in eachstate bothcomponensystemsxecutethe samemotion (but with differentphases).
Thesolutionsto Egs.(11) turnoutto be:

W, =H(nm nm) + H(nm mn);
Smnm= 1/\/2 Snnnm = 1/\/2
WL, =H(nm nm) — H(nm mn);
S1m,mn= 1/\/2 Snn,mnz —l/\/é.
Theimmediateeffect of aninteractionis to make all enepgiesdistinct. Thetermdiagram
thenbecomeghatdepictedn Fig. 4.

The transitionspectrum—andhis our crucial result—canbe seento be composeddf
two, absolutelyseparatesystems(+ ando on Fig. 4). Emissionsare representedy
functionsof p andqg, whichfor anexchangeof thesubsystemdonotchangevalue.If these
functionsaregivenby f, thentheir matrix elementsafterthe canonicatransformationEg.
(8)by S
(13) f = SIS,
thatis, by virtue of the symmetryof f:

1. When:ny # m, np £m, n# my, N# My,

fram nom = 1/2(frym, nom + fny, mny + frym mn, + fmny,nm)

(12)

= foymnm+ faymmn,.-

(14) fom,nmp = 1/2(famy,nmy + fmgn, mon = famy, mpn — fryn,nmy )
= Famy,nmy = frmy, mpn.

frammn, = 1/2(frymnom = fmm, mny + frany, nom = frym mn,) = 0.

fomy,mon = 1/2(froyn,mpn = fomy,nmy + fryn, nmy — frmy, mpn) = 0.

6\, BORN, W. HEISENBERG, andP. JORDAN, ‘Quantenmechanil,” Z.f. Phys, 35, 557(1926),p. 589.
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2. For combinationsof statesfor which the componentsystemsare in “equivalent
states”:

fr111m7mm: 1/\/2( frummm+ fmny,mm) = \/zfnlm,mm-

(15) frlnml,mmz 1/\/2( fm1m,mm— fmml,mm) =0.

o All combinationdetweerthecomponensubsystems- and

S 42 2 o vanish.Theline intensitieswithin eachsubsystento first ap-
L o proximationarethe sameastheintensitiesof thetermsfor the

5 I 23 separatessubsystemsa andb; becauseamplitudesof the type

P M frymmpn,, COrrespondo simultaneousransitionsin both sys-

2 tems,which vanishto first order However, combinationsvith

S thosestates that correspondo equivalentstatesfor the sys-

temsa andb, have anintensity per Egs. (15), twice aslarge
asthatof a componensystem.The otherrow of termshasno
suchstate. The“total intensity” of thecombinedsystemthere-
a5 fore, remaingo first approximatiorunalteredoy resonance.
The division into the separateeolumnsof termscannotbe
affectedby influencefrom outside. Evidently the very same
conditionspertainhereasin thespecialexamplein §1. Theab-
senceof intersystentombinationss a consequencef theab-
Fig. 4 soluteidentity of thecomponensystemsassoonasthesesys-
temsare distinguishable however, intersystemcombinations
arise.Moreover, the quantumsolutionhasthe sameindeterminateeharactemsmentioned
above; boththe system+ ando eachindividually andin combinationarevalid asa com-
pletesolutionfor the problem.

It maybeof interestto considetthisresonancghenomenoin termsof SCHRODINGER'S
formulation. To begin, we take asknown the original subsystemshormalizedeigenfunc-
tions, $2 and¢®, for stateswith enegiesH2 andHP, respectiely. Then,for example the
matrix elementn;ny of the coordinatey? for thesystema, is:

Gi(ns,nz) = [ ... [ o0, 08 daf..dcf.

If one combinesthe systemsthenthe enegy is givenby Hym = H + HP and pertains
to the statedp39?,. To the solutions,Egs. (12), thereare eigenfunctiondor the perturbed
systemobtainedfrom the unperturbedystemby applicationof the matrix S. Specifically

to the EneigiesWi., andW,, correspondrespectiely, thefollowing states:

16) 1/ V2305 + 9305).

1/V2(970m — 500)-
The absencef interactionbetweerthe componensystemsa andb follows simply from
thefactthat,anintegral overafunctionsymmetricin a andb, or overanoperatorf of the
type:

1 *

an 5 [ 10305+ 020%) (9305 — 030 de...ddf,
thatchangesignwhena andb areexchangedbut otherwiseretainsits value,mustequal
zero.

83. As anexampleof theapplicationof this generatheory we considetbriefly herethe
Helium atom;for comprehensietreatment] intendto returnlater.

)
11

"I this paperthe expression“equivalent states”refersto the unperturbedsystem. In perturbedsystems,
componensubsystemalwaysexecutethe samemotion, but with differentphases.
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3.1. Let usassumehat electronsare point chageswithout magneticor spin momen-
tum. In this casethe essentiafeaturesof the transitionchartare shawvn in Fig 4. The
two systemsdnto which the chartsplits, are para-and orthohelium. Transitionsbetween
themare essentiallyimpossible. The enegy differencebetweenthe termsfor para-and
orthoheliumcanbe attributedto resonancenotion causedy mutual Coulombrepulsion.
This enepy differenceis, clearly, of the sameorder of magnitudeasthe deviation from
the hydrogen-lile termthatis dueto shielding. Moreover, from Fig. 4, it is obviousthat
the Sl term canbe presenin only oneof the componensystems.Thatthis is the system
for which enegy is higherin generalfollows from calculations.Transitionprobabilities
within para-and orthoheliumare to first approximationidentical to thosein hydrogen;
exceptthatparaheliuntransitiongto the 1Stermshouldberoughlytwice asfrequent.

Shouldonewish to constructa moreor lesssensibleémageor pictureof the motion of
theelectronsn anatomcorrespondingo the quantumsolution,thenhemustimaginethat
both electronsare continuouslyexchangingplaceswith constanperiod,in analogyto the
periodicenegy swingsseenfor the oscillatorsconsideredabove, wherethe period of the
swingingis givenby thedifferenceof paraheliumermsfrom thoseof orthohelium.

3.2. We areremindedof the COMPTON-UHLENBECK-GoUDSMIT hypothesi§ to the
effect that electronscanbe thoughtof assmall magnetictops,to which we would like to
attributeto eachadistinctdirectionto its axis. Then,althoughlittle is changedjualitatively
in Fig. 4, therearisessmallinteractiondbetweerortho-andparaheliundependingpn the
specificorbits andthe strengthof the magneticinteraction.In this case the electronsare
nolongerstrictly identical.

3.3. Let us considerarbitrary directionsfor theseelectromagnetsthen calculation
shaws that eachterm on the chartsplits into four terms,correspondingo the statistical
weightof the electromagnetsandthatthe chartretainsits form astwo completelysepa-
ratedsystemssincethe electronsare,onceagain,identical. But thedistribution is altered
(comparerig. 5 + ando.). Onesystenpresents spectrunof termsfor which orthohelium
is atriplet systemandparaheliuma singlet,whereagheothersystenreverseshis pattern.
Interconnectionbetweenortho- and para-systemsccur, asdescribedn 82, with anin-
tensitydependingn theinteractionbetweerthe orbits andelectromagnetsOn the other
hand,thereare no interconnectiondetweenthe + ando systems.One cansummarize
the physicalsituationasfollows: betweernboth electronghereoccursa large electricres-
onancewhich is perturbedoy the magneticinteractionso that transitionsbetweenortho-
andparaheliundo occur But, with deeperxaminationit is seenalsothatfiner magnetic
resonancesccur, whichin turnledto adivision of thetermchart. Calculationsupporting
this explanationwill bepublishedshortly.

84. For the helium spectrumit is an empirical fact that only one of the systemsde-
pictedin Fig. 5 is obsered;and,asfar asl cansee,at leastqualitatively, thatthe other
systemgdo not exist in nature. This fact seemgo me—whenwe assumethatthe results
derived hereinfor two componensystemsanbe generalizedo an arbitrarynumbes—to
imply a connectiorbetweerthe quantumindeterminag emphasizedherein,PauL1’s Law
andBOSE-EINSTEIN statistics.If only the o systemoccursin nature this givesus cause
on the one handto reducethe statisticalweight just in the sensemeantby BOSE; and,
on the otherhand,by the properselectionof the orbits, PAuLI's exclusionof equivalent
orbitsis coincidentlysatisfied.The generalizatiorof theseresultsto n componensystems
proceedsn thefollowing manner Then! permutation®f n systemgield in generaknin-
teractionenepgy with the sameeigervalue.But, by causeof theinteractionthis degenerayg
is lifted; thetermchartsplitsinto n! partialsystemsAmongthem.,it turnsout, thereis one

8A. H. Com PTON, J. Frankl. Inst. 192, 145(1924);E UHLENBECK andS. GouDsMIT, Naturwiss.13, 953
(1925).



8 W. HEISENBERG

systemthathasno equivalentorbits andcannotbe combinedwith all the others,it is this
systemthat occursin natureand constituteghe real solution. Simultaneouslythereis a
reductionof the statisticalweightfrom n! to 1 for the BOSE-EINSTEIN enumerationThe
formulationdescribechere,therefore goesbeyondthe BOSE-EINSTEIN oneinsofar asit
selectdrom the n! possibilitiesa particularsolution,which involvesno equivalentorbits,
andthereforesatisfiesPauL1’s exclusion principle. A reasonthat just this systemof all
the possiblequantumsolutionsarises cannotbe foundin simplequantumcalculations.It
seemdo me, neverthelessto be animportantresultof this study that PauL1’s exclusion
principle and BOSE-EINSTEIN statisticshave the sameorigin, andthatthey do not con-
tradictQM. In addition,a paradoxemphasizeaftenby EINSTEIN hasananaloguen our
considerationswhenthe systemgo be coupledaredistinct, thenclassicalstatisticsmust
bevalid for them,in principle up to vanishinglysmall differentiations.In spiteof this, the
countingmethodfor differentiatedsystemss discontinuoushdifferent. For differentiated
systemghecalculationgyivenhereinmustremainvalid, becauséransformationbetween
then! systemsdo occur;thus,no componensystemcanbe excluded. Thesetransforma-
tions however, occurever more seldomby causeof diminishingdifferencesbetweenthe
particles. Whenthe transitionamplitudesget smallerthanthat finite size definedby the
sharpnessf thestate then,logically it becomegpossibleto completelyexcludetransitions
andthusto requirechangingthe countingmethod.It mustbe emphasizedhatthesecon-
siderationgmply thatafinite interactionamongthe componensystemss necessarjo get
achangen the counting. Whenthe periodsof the of this resonanceffect becomdonger
thanthelifetime of the state obviously, thesecalculationdosetheir meaning.

We have emphasizedbore, thatexclusionof all termsys-

temsup to a particularoneis possiblewithout violating any %,
guantumprinciple. One mustnote, however, that this brings o+,

with it certaincharacteristicestrictions.In particularit is that 20
this exclusionimplies thatit makesno physicalsenseto talk
aboutthemotionof asingleelectronor of themotionof atomic o+,
electronsspecifiedby a matrix of anonsymmetridunction. In +%0,

generalsucha matrix would containtermsthat correspondo
transitionsbetweersubsystemthatin factdo not occurin na-

ture. Therefore for example,for the nonsymmetriacase,the o',
exchangerelationshipjcommutationrelationship]in its usual Fig 5

form cannotbe given a physicalinterpretation;n contrastto

a symmetricform of this condition. Thisis only a formal restriction,however, insofar as
in principle all obsenable intensitiesresult essentiallyfrom symmetricfunctionsof the
electrons.

Theschemalescribedherehasto betakenasprogrammaticsolongasthemathematical
analysisof systemf n identicalparticleshasnotbeencompleted! would lik e therefore,
to add a brief explanationof how term systemsnot involving equivalent statesthat can
constitutea uniquesolutioncanbe constructed.

Considem completelyidenticalsubsystemsvhich arein stablestatesspecifiedby the
guantumnumberamy, my, ..., M,. Thus,all total systemsonsistingof permutation®f the
n subsystembavethesametotal enegy. Theinteractionenegy, H1, to first approximation
containsonly termsthat correspondo transitionsfrom at mosttwo subsystemsvhenH?!
is composeaf thesumof interactionf two subsystemsTo renderthematrix of thetime
meanenegies, W1, diagonal,asin §2, we mustfind a canonicaltransformationmatrix.
The determinatiorof this matrix is actuallya well known problemin finding the solution
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to a systemof n! equationswith n! unknavns, denotedS. Let us denotewith H} that
termin H? that correspondso no transitionsbetweensubsystemsand, thosetermsthat
correspondo anexchangeof two of thequanturmumberamy, my, ..., m,, by H, HY, ..H}
of whichtherearen(n—1)/2in number Then,let usorderthen! termsrepresentingqual
enegies, suchthat the first positionis for the statemy, ..., m,, thenall stateswhich are
obtainedthroughone“transposition”;thereaftethosewhich from theinitial distribution,
two transpositiorareneededetc. Thecharacteristideterminatdor then! linearequations
thentakestheform:

W-H: -HE  —H} .. -H! 0.0
-Hp W-HG 0. 0 -HL
_ _H2 1l
18) H 0 W-HZ 0 ... HE...

A solutionfor this setof equationss:

1
1_pl_pl_pl_ Yyl — T 1
(19) W Hq HB Hy —...—Hy; \/ﬁ( 1)%,
wheredy denoteghe numberof transpositionshatare necessaryn orderto getfrom the
statemy, ..., M, to that statewith the numberk. The correspondingSCHRODINGER wave

eigenfunctioris

(20) 0= 3 (DM () (). dn(r),

where d¢ againis the numberof transpositionsieededto turn the sequencem mp...my
into mm...m§. Thefunctions¢ have the peculiarcharacteristighat for an exchangeof
the quantumnumberdor the secondsubsystemit changesign. Fromthis fact,it follows
immediatelythatthetermsystencorrespondingo Eq. (20) includesnotermswithin which
equivalentstatesareincluded. Theeigenfunctionp for sucha statemustbeinvariantunder
exchangeof equivalentstateslf f isafunction(or anoperatoryepresentingadiation,and
thereforenecessarilsymmetric thentheintegral

21) / fyodQ =0,

becauséor theexchangeof equivalentsubsystemi mustbothchangesignandnotchange
value.

One can seeby deduction(reasoningfrom n to n+ 1) that termsof the type in Eg.
(20) actually constitutea closedsystemii.e., thatthey include no equivalentsubsystems.
However, so far | have not beenable to prove this rigorously With exceptionof this
technicality Eq. (20) canbe considered definitive constructionof the solution’s enegy
level diagram.

After this rathermathematicahddendumlet me returnto theissueof physicalcontent
of this study Therelationshipof BOSE-EINSTEIN statisticsof identicalparticlesto QM
is determinedy the choiceof a particularmechanicakolutionamongmary possibilities.
Sucha choicefor sufficiently smallinteractionconsistsessentiallyin the phaserelation-
shipshetweerthe particlesof the subsystemsPerhapsvith deepeinvestigatioronecould
exposethesephaserelationshipsandthey would be seenasdirectanaloguego interfer
enceof DE BROGLIE waves.Possiblyeven,deepernalysisvould revealthatthe basisfor
the selectionof the particularsolutionexistsalreadyin the complicationgypically arising
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in couplingproblems.To me, however, it seemdrom the above considerationso follow,
that suchdifficulties needno solutionif the goalis to forecastthe emissionspectrumof
atoms.Atomic spectraaredeterminedsatistctorily by QM alone.

Translatedy A. F. KRACKLAUER (©2006



