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ABSTRACT. It isshavn thata certainreciprocityin the mutualinteraction of two charged
particlescanbeobtainedy assumindhatthemotionof particlel is guidedby theretarded
potentialsfrom particle 2, the motion of 2 beingguidedby advancedpotentialsfrom 1.
Indeedif in theintegralsof thevariation principle

B e (dx-dy)
0= 6[/ mlcds1+/ mpcdsy + % (Rdx) |’
theelementsix anddy of thefirstandsecondparticle’s tradksrespectivelyandconnected
by (14 3)-dimensionafadii R, of magnitudeR-R =0, sothatR-dx = R-dy, thenthe
interaction part of this principle doesnot change by interchangingdx and dy.
Fromthis variationprincipleit follows thatthe systemhasthe enegy and momentum

integrals

dx  ee dy dy ee dx e dx-dy
mlcdsl+4m R~dy+mzcd52+ 4 R-dx  4mc (R-dx)(R-dy)’
the lastterm not beingattributableto either particle in particular. Theseequationare in

no way connectedvith any consideation of a field.

In classicalimechanicspne determinsequationsof motion usinga variationprinciple.
In orderto describethe motion of a particlein a force field, oneforms from the kinetic
enegy, T, andthe potentialenegy, U, the so-calledL AGRANGE function:

L=T-U,
andthen,alongthetrajectoryof theparticlebetweertwo fixedspace-timgoints,evaluates

theintegral:
2
/ Ldt,
1

whichis known asHAMILTON's “principle function?”

Themotionis varied,in thatwe for eachspace-timgoint,t,x,y, z [i.e., t,X], for asmall
time displacemendt alsodisplaceX to dX. The variations,dt and®X shouldbe arbitrary
functionsof aparametethatspecifieghelocationof motion, e.g.,thetime. If thesevaria-
tionsatthe beginningandendof the considerednterval aremadeto vanish,thenit should
betruethat,if themotionis natural,the principle functionis left unaltered Executingthe
variation,in which partialintegrationsfind use,gives

5/Ldt:/dt{%—9<L—Zxa—L>}5t+2/dt{a—L—ia—F}5x
o dt\ A ax i ox
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Dotsoverasymboldenotea differentiationwith respecto time.
The demandthat this should be null, whichever variation one chooses)eadsto the
equationof LAGRANGE, i.e.:
oL doL

&—a& =07 CYCL.,

andto anequationthatalreadyis aresultcontainedn the preceeding:

23 z%)-o
X t g X

in whichthe changeof enegy (—L + S x0L/X) is determinedn avariableforcefield.

HAaMILTON'’s principle function is definedso as not to dependon which coordinate
systemis usedto describethe motion. If onehasmorethanoneparticle,then,in placeof
Cartesiarcoordinatespnecanusethe mutualseparatioralonga line joining the particles.

The coordinateshouldappearof course|n the potentialenegy, U, which, by defini-
tion, cannot dependon velocities. However, the kinetic enegy in the LANGANGian can
depencdbnthecoordinates.

If therearevariousparticlesthatinteractwith eachother, thentheclassicatheoryadds
them all togetherinto a generalpotentialenegy in which they all take part. Thereis
reciprocityin theinteractiorbetweertwo particleswhenthepotentialenegy fully depends
in thesameway from the coordinate®f each.

For the mutualinteractionby causeof gravitation, the potentialenegy of two particles
isammy/r, wherer is theirseparationin fact,r is afully symmetricfunctionof %; andx,
sothatdL /0%, = —0L/0%. If one,however, mustconsiderin placeof r anotherfunction,
p, saywhere:p? = (BXy — ax%p)?, thenfull reciprocitywould bedestryed.

In the theory of relativity, in placeof the kinetic enegy, Tdt, in the integrandof the
principlefunction,onewrites:

—mc®y/1—v2/c2dt = —mcy/c2dt2 — dx- dx,

which, for low valuesof velocity, goesoverto the classicaform, upto anadditive constant
onthefactormultiplying dt.

In placeof the potentialenegy, —U dt, onemustwrite a differentialin the integrand
thatis a scalarwhich, for example,canbeachievedwith

—Udt+A-dr

This implies the introductionof a potentialmomentunbesidesthe potentialenegy.
Thus,onewritesfor the modifiedprinciple function

/{—mC\/CZdt —dx-dR—Udt+ Z A-dy,
cycl.

againin theform [ Ldt; sothatonethenfindsfor the equationf motion:
oL nv -

- =—=+A
ox  \/1-v2/c?
We wish herenow to note,thatit is notin the spirit of thetheory, for the parametethat
givesthe progresf themotion,to chosetime.’ Let usin steaddenoteit asu, andwrite
d ., dX

&:t, ﬁ:xﬂ,
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thenwe achieve full (3+ 1) dimensionaharmory, if we write

Ldt = Mdu,
andfor enegy
oM mc3dt
- - + U)
ot /c2dt2 —dx-dx
andfor themomentum:
oM mcdX o

— =} A’
X /c2dt2 —dX-dx
whereU andA arepotentialenegy andmomentunrespectiely.

If themoving particlecarrieschagee, andif thescalampotentialin which it movesis ¢
andthevectorpotentialis &, thenwe know thatthe potentialenegy of this particleis

U =ef,
andthemomentumis:
A=%a
c

Thepotentialsh andd foundin theernvironmentof a
chagedparticlearegivenby theformulasof LIENARD
andWIECHERT.

If the trajectoryof sucha particleis givenalong|
(seeFig. 1), andwe wish to determinethe potential
at point P, thenfirst we mustidentify the space-time
emissiorpoint @, suchthatfromit alight signalpasses
throughthe point P via a null space-timenterval. We
canthensaythatthereis ‘signal contact’betweerthese
two points. Thetime span,t, andthespacdnterval,z z
betweerP andQ@/, i.e.:

tb—to=T %p—%g=§,
mustthensatisfy
?_i.i=0.
Whenonehasfoundfor the point P, the appropriatesourcepoint @', thenfor achage,
e, with velocity V, the[LIENARD andWIECHERT] potentialsare:

1 e 1 er

6= anr(1-v/c)Q’ = 4cr(1—v/o)q’

Consideringhatr = ct, andrv, = (E -dx)/dt, from this we get
b= ec dt — dx
dnerrdt —E.dx’ A crdt—E-dy
In the denominatothereis whatonecallsa scalarproductof (1 + 3)-dimensionavec-
torsds, i.e., the differentialof motionalongthe trajectoryof the chaige, with the contact
signalfrom Q to P.

Above we have taken the delayedpotentials. However, one might just as well take
advancedpotentials.To do so,onemustfind the space-timepoint Q” with which P could
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have signalcontact,but hereoriginatingat P. Denotingall correspondingjuantitiesfor

this casewith doubleprimes,we get(usingt” = —r" /c)
n_&_ & e &
AT 2! — _é” . ’ A2ty — _E'// . ’

We wishto usethepotentialdn orderto formulatethe prin-
ciple function for the purposeof describingthe motion of a
chagedparticlemy, e1 in the'field’ of asecondarticlemy, e,
for whichthe motionis known.

We focushereon theretardedpotentials.

If we divide up the motion of the first particleinto differ-
entialelementsdt;, d%;, thenwe mustfind the contactsignals
from theendsof theseelementdo thoseonthetrajectoryof the
secondarticle. Thedifferentialelementswith which theseel-

Fig. 2 ementgdivide up the secondparticle’s trajectory(SeeFig. 2)
we call dty,dXy. Thecontactrayshavethe components,f.
Now, given the just found potentialssubstitutedinto the
principlefunctionformulation,we find it canbewritten as:

2 — .
/{—mCng_ — e1¢dtl + ga d)'(’l} — / _mcdsﬂ_ — @ C dtzdtl §X1 dXZ )
c 4TC  c2tdt, — & - dxs

In thisintegralthereareonly suchtermsthatfor arbitrarytransformationsf motion,are
invariant. Hereinds; is describedvith wordsin the pasttense.The denominatoicanalso
be written differently, however. Wherever all the includedtermsrepresensignalcontact,
R=0,i.e.:

0= dR2 = c21(dty — dtp) — & - (dXy — d%o),
sothatthe denominators:
c2tdt, — & - d% = c2dty — & - dXy.

This meansthatin the secondierm of the integral it makesno differencewhetherthe
index is 1 or 2, andthey canbefreely exchanged.

Finally, for a prescribednotionof chage1, to find the equationof motionfor chage2,
we mustagaindeterminea similar principle function.

If we areto describethis motion underthe retardednfluencefrom chage 1, the non-
kinetic partwould bespecifiecby thisjustdevelopederm. Thus,for themutualinteraction
of thesetwo identicalparticlesfor the principle functiontake the expression:

% Czdtldtz —d%;-d%
4C g, —E-dRe |

where, it shouldbe mentioned,that the lastterm is fully symmetricin the elementsof
motionfor thetwo particlesin sofarasanexchangeof theindiceschangesothing.Here,
thecontactsignaIT,E is takenfrom 2to 1.

Fromtheseconsiderationsye find a certainmutuality in the equationsof motion. To
maintainmutuality demandghat, for a delayedinteractiondepartingfrom 2 andaffecting
1, we mustconsideranadwancednteractionfrom 1 thataffects?2.

We havejoinedtherebyeachdifferentialof motionmutuallywith thosethatarein signal
contact.Thatis alsoaninvariantcoordinatefor the two motions,which givesa solutionto
thequestion:how shallthetheoryof relativity treatsystemsf morethanonechage.

/ {—mlcdsl —mpedsy —
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Onecould objectnow alsoto asymmetryin that one particleis affectedonly by the
retardedwhile the otheris affectedonly by anadvancedpotential. This canbe remedied
in the principle function by taking the sumof half the contribtution asretardedandhalf as
adwancedthusly:

2dt,dt} — d%; - d¥ 2dt,dt” — d%; - dx!
/ —mycds; — mpcds, — a2 C T TPy @S CTd TR PR L
8IC  c2rdt,—&-dx,  8TC  c2rdt) —&-dx)

A glanceatFig. 3 shouldindicatethemeaningof theprimes.

Thevariablest”,£" form the contactray thatrunsfrom ds; to
ds). Thisis in contrasto its meaningin oneof the above for-
mulae.

It shouldbe clearthatthe sumof the termsin the integral
doesnot dependwhetheronetakesthe integrationparameter
to betheinterval alongoneor the othertrajectory

In the following we want, however, an evaluationof the
amountof enegy andthe momentundevolving from the spe-
cific choiceof a singletermin the principle function for the Fig. 3
interaction.

Now, we bundleasa singlesystemchage 1 at space-time
pointty, X; = X, andchage2 atty, X> =y, linkedtogethemwith thecontactray: R = x —v,
whereR-R =0.

As a consequencee shallexpresshe variationasfollows:

_ ewep dx-dy
0_6[/{ mcds; — nmpeds, 4T[CR-dyH'

dts,dx3,..

dty,dx,..

dt%,dxz,..

Herewe usedtheabbreviatednotationdx - dy andR - dy in placeof thefully written out
scalarproductsaspresentedbove.

The integral must be taken over two intervals of motion one from eachchage as
boundedy commoncontactrays. For thevariation,caremustbetakenthatdisplacements
betweena pair of differentialelementselongingto eachother, thatthe 4-spaceanterval
remainsnull. This happensvhenfrom arbitraryvariationsd; x andd,y oneformulatesthe
variations

X = 81X+ 1% (R 8py),
dy = R(f—()j’y(R -81X) + &py.

Oneseesasilyfrom theseexpressionghat:
dR?=R-5x—R-3y=0.

Alwaysandforever onemaywrite R - dy = R - dx, andwe shouldmake useof this, in
sofar aswhenwe executea variationof 01X, the numeratoifactorR - dx is to be varied,
andin sofarasd,y goeswe mustconsiderthefactord(R - dy).

Thekinetic portionsof theintegral give, aftera partialintegration:

6/(—m1cd51—mzcds;z)=/ 01x-d mlc% +&y-d mgcﬂ .
ds; dsy
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Theinteractiontermgives:

el dx-dy _
4c R-dy
ee [[dy-ddox+dx-ddy dx - dy - .

For the expansion,it is necessarnpnly to carry out partial integrations,the ultimate
resultis:

_ee dy dy dx
_4T[c/61X (dR-dy+R d +

R-dy R-dx
+dx dx - dy _ R dx - dy 4 R(dx-dy) )
(R-dx)(R-dy) R-dx(R-dx)(R-dy) (R-dx)(R-dy)

dx dx dy
+ oy <dR-dx+RR-dde-dy_

dx - dy R dx - dy R(dx-dy) )

YRR dy) " R-dy (R-d0(R-dy) " (R-dx)(R-dy)

This variationis thento be combinedwith thatfor the kinetic terms.Finally, asaresult
of thefull variation,the eightcomplex termsmultiplied by 31x andd,y vanish.

Dividing by ds;, andds, respectiely, givesthe equationf motionfor both chages.

The expansiondndicatedby d have, for both chages,no significanceas simultanious
elementsratherastwo elementsvith endslinked by contactrays.

We canaddup the multiple termsthat are multiplied with &;x and, respectiely, &y,
andthateachby itself is null. In this way four termsthat constitutea completederivative,
canbeassembledo get:

Ozd{mlc%+@i+mzcﬂ+@ dx__ewepp dxedy }
ds; 4mc R-dy ds, 4mcR-dy 4mc (R-dx)(R-dy)

This expressionconstitutesfour integrals of motion for this system. They represent
thetotal enegy andmomentumTheappearancef thelasttermis especiallynotevorthy:.
While oneis inclinedto interpretthefirst, respectiely secondpair of termsasthekinetic
andpotentialenegy (or impulse)of thefirst, respectiely secondchage, we seethatthe
lasttermaloneis alsoan enegy (andimpulse)of thewhole system but thatit cannot be
specificallylocatedin eitherparticlein particular

As is evident from the above, it is possibleto develop a dynamicsfor point chages,
that conformswith the requirement®f relativity theory but that doesnot involve fields.
In suchpoint particle dynamics,no enegy or momentumis radiatedaway or otherwise
depositednto afield. Thetwo particlesthemselesarethe only actorsin theinteraction.

We have alreadyremarled, thatin orderto getfull symmetry we hadto take in the
above expressionsnto consideratiorthe contactray R’ from 2 to 1 (See:Fig 1), aswell
asthe contactray R” from 1 to 2. If onechooseghe parameteds;, thenonegetsthein
Figure 3 interactiondndicatedby doublelines as“the systeni. On the otherhand,if one
chooseghe parameterlongthe other particle’s trajectory then onetakesasthe system
thoseinteractionsndicatedwith singlelines. For eithercaseonecandetermineanenegy
andimpulseintegral, but it is notthe samefor bothcases.
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