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ABSTRACT. It is shown thatacertainreciprocityin themutualinteractionof twocharged
particlescanbeobtainedbyassumingthatthemotionof particle1 isguidedby theretarded
potentialsfrom particle2, the motion of 2 beingguidedby advancedpotentialsfrom 1.
Indeed,if in theintegralsof thevariationprinciple

0 � δ
�����

m1cds1 � ��� m2cds2 � � e1e2

4πc � dx � dy 	� R � dx 	�
��
theelementsdx anddy of thefirstandsecondparticle’s tracksrespectivelyandconnected
by � 1 � 3	 -dimensionalradii R, of magnitudeR � R � 0, so that R � dx 
 R � dy, thenthe
interactionpart of this principledoesnotchange by interchangingdx anddy.

Fromthis variationprinciple it follows that thesystemhastheenergy andmomentum
integrals

m1c
dx
ds1

� e1e2

4πc
dy

R � dy � m2c
dy
ds2

� e1e2

4πc
dx

R � dx

�
e1e2

4πc
R

dx � dy� R � dx 	 � R � dy 	��
the last termnot beingattributableto eitherparticle in particular. Theseequationare in
no wayconnectedwith anyconsideration of a field.

In classicalmechanics,onedeterminsequationsof motionusinga variationprinciple.
In order to describethe motion of a particle in a force field, oneforms from the kinetic
energy, T, andthepotentialenergy,U , theso-calledLAGRANGE function:

L � T � U �
andthen,alongthetrajectoryof theparticlebetweentwo fixedspace-timepoints,evaluates
theintegral: �

2

1
Ldt �

which is known asHAMILTON’s “principle function.”
Themotionis varied,in thatwefor eachspace-timepoint,t � x � y� z, [i.e., t ���x], for asmall

time displacementδt alsodisplace�x to δ �x. The variations,δt andδ �x shouldbe arbitrary
functionsof aparameterthatspecifiesthelocationof motion,e.g.,thetime. If thesevaria-
tionsat thebeginningandendof theconsideredinterval aremadeto vanish,thenit should
betruethat,if themotionis natural,theprinciplefunctionis left unaltered.Executingthe
variation,in whichpartial integrationsfind use,gives

δ

�
Ldt � �

dt � ∂L
∂t

� d
dt � L � ∑

cycl � ẋ∂L
∂t ��� δt � ∑

cycl � � dt � ∂L
∂x

� d
dt

∂L
∂ẋ � δx �

Date: December1928.
Partially reportedto theNeder. Natuur. Vereeniging(DutchPhysicsSociety)on24Nov. 1928.

1



2 A. D. FOKKER

Dotsoverasymboldenoteadifferentiationwith respectto time.
The demandthat this shouldbe null, whichever variation one chooses,leadsto the

equationof LAGRANGE, i.e.:

∂L
∂x

� d
dt

∂L
∂ẋ

� 0 � CYCL ���
andto anequation,thatalreadyis a resultcontainedin thepreceeding:

∂L
∂x

� d
dt � L � ∑

cycl � ẋ∂L
∂ẋ � � 0 �

in which thechangeof energy  !� L � ∑ ẋ∂L " ẋ# is determinedin a variableforcefield.
HAMILTON’s principle function is definedso as not to dependon which coordinate

systemis usedto describethemotion. If onehasmorethanoneparticle,then,in placeof
Cartesiancoordinates,onecanusethemutualseparationalonga line joining theparticles.

Thecoordinatesshouldappear, of course,in thepotentialenergy, U , which, by defini-
tion, cannot dependon velocities. However, the kinetic energy in the LANGANGian can
dependon thecoordinates.

If therearevariousparticlesthatinteractwith eachother, thentheclassicaltheoryadds
them all togetherinto a generalpotentialenergy in which they all take part. There is
reciprocityin theinteractionbetweentwo particleswhenthepotentialenergy fully depends
in thesameway from thecoordinatesof each.

For themutualinteractionby causeof gravitation, thepotentialenergy of two particles
is αm1m2 " r, wherer is theirseparation.In fact,r is afully symmetricfunctionof �x1 and �x2,
sothat∂L " ∂ �x1 �$� ∂L " ∂ �x2. If one,however, mustconsiderin placeof r anotherfunction,
ρ, saywhere:ρ2 �% β �x1 � α �x2 # 2 � thenfull reciprocitywouldbedestroyed.

In the theoryof relativity, in placeof the kinetic energy, Tdt, in the integrandof the
principlefunction,onewrites:� mc2 & 1 � v2 " c2dt �$� mc' c2dt2 � d �x ( d �x �
which,for low valuesof velocity, goesoverto theclassicalform, upto anadditiveconstant
on thefactormultiplying dt.

In placeof the potentialenergy, � U dt, onemustwrite a differentialin the integrand
thatis a scalar, which, for example,canbeachievedwith� Udt � �A ( d �x �

This implies the introductionof a potential momentumbesidesthe potentialenergy.
Thus,onewritesfor themodifiedprinciplefunction�*) � mc' c2dt � d �x ( d �x � Udt � ∑

cycl � �A ( d �x �
againin theform + Ldt; sothatonethenfindsfor theequationsof motion:

∂L
∂ẋ

� m�v' 1 � v2 " c2
� �A �

We wish herenow to note,thatit is not in thespirit of thetheory, for theparameterthat
givestheprogressof themotion,to chose‘time.’ Let usin steaddenoteit asu, andwrite

dt
du

� t ,-� d �x
du

�.�x,/�
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thenwe achievefull  3 � 1# dimensionalharmony, if wewrite

Ldt � M du �
andfor energy � ∂M

∂t , � mc3dt0
c2dt2 � d �x ( d �x � U �

andfor themomentum:
∂M
∂ �x, � mcd �x0

c2dt2 � d �x ( d �x � �A �
whereU and �A arepotentialenergy andmomentumrespectively.

If themoving particlecarrieschargee� andif thescalarpotentialin which it movesis ϕ
andthevectorpotentialis �a, thenweknow thatthepotentialenergy of this particleis

U � eϕ �
andthemomentumis: �A � e

c
�a �

Thepotentialsϕ and �a foundin theenvironmentof a
chargedparticlearegivenby theformulasof L I ÉNARD

andWIECHERT.
If the trajectoryof sucha particle is given along l

(seeFig. 1), and we wish to determinethe potential
at point P, thenfirst we must identify the space-time
emissionpointQ, , suchthatfrom it alight signalpasses
throughthepoint P via a null space-timeinterval. We
canthensaythatthereis ‘signalcontact’betweenthese
two points.Thetime span,τ , andthespaceinterval, �ξ
betweenP andQ, , i.e.:

tP � tQ � τ �xP �1�xQ � �ξ �
mustthensatisfy

c2τ2 � �ξ ( �ξ � 0 �
Whenonehasfoundfor thepoint P, theappropriatesourcepoint Q, , thenfor a charge,

e, with velocity �v, the[L I ÉNARD andWIECHERT] potentialsare:

ϕ � 1
4π

e
r  1 � vr " c# Q �%�a � 1

4πc
e�vQ

r  1 � vr " c# Q �
Consideringthatr � cτ, andr �vr �% �ξ ( d �x#2" dt, from this weget

ϕ � ec
4π

dt

c2τdt � �ξ ( d �x �%�a � e
4π

d �x
c2τdt � �ξ ( d �x �

In thedenominatorthereis whatonecallsa scalarproductof  1 � 3# -dimensionalvec-
torsds, i.e., thedifferentialof motionalongthe trajectoryof thecharge,with thecontact
signalfrom Q to P.

Above we have taken the delayedpotentials. However, one might just as well take
advancedpotentials.To do so,onemustfind thespace-timepoint Q, , with which P could
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have signalcontact,but hereoriginatingat P. Denotingall correspondingquantitiesfor
thiscasewith doubleprimes,weget(usingτ , , �$� r , , " c)

ϕ , , � ec
4π

dt , ,
c2τ , , dt , , � �ξ , , ( d �x, , �%�a, , � e

4π
d �x, ,

c2τ , , dt , , � �ξ , , ( d �x, , �
Wewishto usethepotentialsin orderto formulatetheprin-

ciple function for the purposeof describingthe motion of a
chargedparticlem1 � e1 in the‘field’ of asecondparticlem2 � e2,
for which themotionis known.

We focushereon theretardedpotentials.
If we divide up the motion of the first particle into differ-

entialelements,dt1 � d �x1, thenwe mustfind thecontactsignals
from theendsof theseelementsto thoseonthetrajectoryof the
secondparticle.Thedifferentialelementswith which theseel-
ementsdivide up thesecondparticle’s trajectory(SeeFig. 2)
we call dt2 � d �x2. Thecontactrayshavethecomponentsτ � �ξ.

Now, given the just found potentialssubstitutedinto the
principlefunctionformulation,we find it canbewrittenas:�43 � mcds1 � e1ϕdt1 � e1

c
�a ( d �x1 5 � � � � mcds1 � e1e2

4πc
c2dt2dt1 � d �x1 ( d �x2

c2τdt2 � �ξ ( d �x2 � �
In thisintegralthereareonly suchtermsthatfor arbitrarytransformationsof motion,are

invariant.Hereinds1 is describedwith wordsin thepasttense.Thedenominatorcanalso
bewritten differently, however. Wherever all the includedtermsrepresentsignalcontact,
R 6 0, i.e.:

0 6 dR2 � c2τ  dt1 � dt2 #7� �ξ (8 d �x1 � d �x2 #8�
sothatthedenominatoris:

c2τdt2 � �ξ ( d �x2 � c2τdt1 � �ξ ( d �x1 �
This meansthat in the secondterm of the integral it makesno differencewhetherthe

index is 1 or 2, andthey canbefreely exchanged.
Finally, for aprescribedmotionof charge1, to find theequationof motionfor charge2,

wemustagaindeterminea similarprinciplefunction.
If we areto describethis motionunderthe retardedinfluencefrom charge1, thenon-

kineticpartwouldbespecifiedby thisjustdevelopedterm.Thus,for themutualinteraction
of thesetwo identicalparticlesfor theprinciplefunctiontake theexpression:� � � m1cds1 � m2cds2 � e1e2

4πc
c2dt1dt2 � d �x1 ( d �x2

c2τdt2 � �ξ ( d �x2 � �
where,it shouldbe mentioned,that the last term is fully symmetricin the elementsof
motionfor thetwo particlesin sofarasanexchangeof theindiceschangesnothing.Here,
thecontactsignalτ � �ξ is takenfrom 2 to 1.

Fromtheseconsiderations,we find a certainmutuality in theequationsof motion. To
maintainmutualitydemandsthat,for a delayedinteractiondepartingfrom 2 andaffecting
1, wemustconsideranadvancedinteractionfrom 1 thataffects2.

Wehavejoinedtherebyeachdifferentialof motionmutuallywith thosethatarein signal
contact.Thatis alsoaninvariantcoordinatefor thetwo motions,which givesa solutionto
thequestion:how shallthetheoryof relativity treatsystemsof morethanonecharge.
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Onecould objectnow alsoto asymmetry, in that oneparticle is affectedonly by the
retarded,while theotheris affectedonly by anadvancedpotential.This canberemedied
in theprinciplefunctionby takingthesumof half thecontribution asretardedandhalf as
advanced,thusly:� �9� m1cds1 � m2cds2 � e1e2

8πc
c2dt1dt ,2 � d �x1 ( d �x,2

c2τdt ,2 � �ξ ( d �x,2 � e1e2

8πc
c2dt1dt , ,2 � d �x1 ( d �x, ,2

c2τdt , ,2 � �ξ ( d �x, ,2 � �
A glanceatFig. 3shouldindicatethemeaningof theprimes.

Thevariablesτ , , � �ξ , , form thecontactray thatrunsfrom ds1 to
ds, ,2. This is in contrastto its meaningin oneof theabovefor-
mulae.

It shouldbe clearthat the sumof the termsin the integral
doesnot depend,whetheronetakesthe integrationparameter
to betheinterval alongoneor theothertrajectory.

In the following we want, however, an evaluationof the
amountof energy andthemomentumdevolving from thespe-
cific choiceof a single term in the principle function for the
interaction.

Now, we bundleasa singlesystemcharge1 at space-time
point t1 �:�x1 6 x, andcharge2 at t2 �:�x2 6 y, linkedtogetherwith thecontactray: R 6 x � y �
whereR ( R � 0.

As a consequenceweshallexpressthevariationasfollows:

0 � δ ; � � � m1cds1 � m2cds2 � e1e2

4πc
dx ( dy
R ( dy �=< �

Hereweusedtheabbreviatednotationdx ( dy andR ( dy in placeof thefully writtenout
scalarproductsaspresentedabove.

The integral must be taken over two intervals of motion one from eachcharge as
boundedby commoncontactrays.For thevariation,caremustbetakenthatdisplacements
betweena pair of differentialelementsbelongingto eachother, that the 4-spaceinterval
remainsnull. Thishappenswhenfrom arbitraryvariationsδ1x andδ2y oneformulatesthe
variations

δx � δ1x � dx
R > dx  R ( δ2y #?�

δy � dy
R > dy  R ( δ1x #@� δ2y �

Oneseeseasilyfrom theseexpressionsthat:

δR2 � R ( δx � R ( δy 6 0 �
Alwaysandforever onemaywrite R ( dy � R ( dx, andwe shouldmake useof this, in

so far aswhenwe executea variationof δ1x, the numeratorfactorR ( dx is to be varied,
andin sofarasδ2y goes,we mustconsiderthefactorδ  R ( dy # .

Thekinetic portionsof theintegralgive,aftera partialintegration:

δ

�  !� m1cds1 � m2cds2 #A� � � δ1x ( d B m1c
dx
ds1 C � δ2y ( d B m2c

dy
ds2 C � �
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Theinteractiontermgives:

δ

�
e1e2

4πc
dx ( dy
R ( dy

�� e1e2

4π

� ; dy ( dδx � dx ( dδy
R ( dx

� dx ( dy R ( dx #8 R ( dy # ) δ1  R ( dx #D� δ2  R ( dy #FE < �
For the expansion,it is necessaryonly to carry out partial integrations,the ultimate

resultis:� e1e2

4πc

�
δ1x (HG d dy

R ( dy
� R

dy
R ( dy

( d dx
R ( dx

�� dx
dx ( dy R ( dx #8 R ( dy # � R

R ( dx
dx ( dy R ( dx #8 R ( dy # � d

R  dx ( dy # R ( dx #I R ( dy #�J �� δ2y ( G d dx
R ( dx

� R
dx

R ( dx
d

dy
R ( dy

�� dy
dx ( dy R ( dx #I R ( dy # � R

R ( dy
dx ( dy R ( dx #I R ( dy # � d

R  dx ( dy # R ( dx #8 R ( dy #�J �
This variationis thento becombinedwith thatfor thekinetic terms.Finally, asa result

of thefull variation,theeightcomplex termsmultipliedby δ1x andδ2y vanish.
Dividing by ds1, andds2 respectively, givestheequationsof motionfor bothcharges.
Theexpansionsindicatedby d have, for bothcharges,no significanceassimultanious

elements,ratherastwo elementswith endslinkedby contactrays.
We canaddup the multiple termsthat aremultiplied with δ1x and,respectively, δ2y,

andthateachby itself is null. In this way four termsthatconstitutea completederivative,
canbeassembledto get:

0 � d � m1c
dx
ds1

� e1e2

4πc
dy

R ( dy
� m2c

dy
ds2

� e1e2

4πc
dx

R ( dy
� e1e2

4πc
R

dx ( dy R ( dx #8 R ( dy #7� �
This expressionconstitutesfour integrals of motion for this system. They represent

thetotal energy andmomentum.Theappearanceof thelast termis especiallynoteworthy.
While oneis inclinedto interpretthefirst, respectively second,pair of termsasthekinetic
andpotentialenergy (or impulse)of thefirst, respectively second,charge,we seethat the
last termaloneis alsoanenergy (andimpulse)of thewholesystem,but that it cannot be
specificallylocatedin eitherparticlein particular.

As is evident from the above, it is possibleto develop a dynamicsfor point charges,
that conformswith the requirementsof relativity theory, but that doesnot involve fields.
In suchpoint particledynamics,no energy or momentumis radiatedaway or otherwise
depositedinto afield. Thetwo particlesthemselvesaretheonly actorsin theinteraction.

We have alreadyremarked, that in order to get full symmetry, we had to take in the
above expressionsinto considerationthecontactray R , from 2 to 1 (See:Fig 1), aswell
asthecontactray R , , from 1 to 2. If onechoosestheparameterds1, thenonegetsthe in
Figure3 interactionsindicatedby doublelinesas“the system.” On theotherhand,if one
choosesthe parameteralongthe otherparticle’s trajectory, thenonetakesasthe system
thoseinteractionsindicatedwith singlelines.For eithercaseonecandetermineanenergy
andimpulseintegral,but it is not thesamefor bothcases.

Translatedby A. F. KRACKLAUER c
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