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Intr oduction

The problem as Stated in the Literature

The following statementsgleanedfrom the literatureex-
pressclearly and effectively the natureof our problem in
which many physicistshavebecomeinterested.

“...the confluenceof Relativity andQuantum
Theory, having been frequently cited, has not
beensighted.” —Kerner(1972)

“...there is no existent theoryof the interac-
tion of relativistic systems.

Therearetwo majorattemptsat theconstruc-
tion of a theoryof relativistically interactingsys-
tems,field theoryandS-matrix theory. Neither
of thesetheoriesis completelysuccessful.In nei-
thertheoryhasit beenpossibleto show eitherthe
existenceof asetof self consistentaxiomswhich
definethetheoryor to demonstratetheexistence
of the uniquenessof solutionsto the equations
thatareusedin thetheory. —Halpern(1968)

The formulation of an internally consistent,
relativistic, quantummechanicaldescriptionof
interactionparticlestill eludesus andrepresents
onof thegreatunsolvedproblemsof modernthe-
oreticalphysics.At theclassicallevel, theaction-
at-a-distanceformulationis, in theauthor’sview,
thebestwehave;its chiefdrawbackis that,sofar,
no onehasany ideaof how to constructa quan-
tumversionof thetheory. — Anderson(1967)

The Goal: A Manif estl y Covariant Wave Equation Incorporating
Interaction Between Systems

This work is an exploratoryattemptto achieve theconflu-
enceof relativity andquantummechanicsthroughinvestiga-
tion of formulationsof relativistic mechanicsotherthanfield
theoryandS-matrixtheory. It is felt thatasthepresentlyfash-
ionableviews andunderstandingsof relativity andquantum
theorydefy unification,thatperhapsa lesswell exploitedap-
proachto eitherof both theorieswould bemoreamenableto
unification. Herein, the alternativesare investigatedwith an
eyeto findingacombinationwhichaccommodatesinteraction
andmeetsthecriteriondiscussedbelow.

Beforeinitiating sucha study, it is worthwhile to establish
or defineaspecificgoalthatcanberecognizedasasignificant
benchmarkfor aninvestigationof thefoundationsof relativis-
tic quantumtheory. In thisregard,acueis takenfrom nonrela-
tivistic quantumtheory, wheretheSchr̈odingerequationplays
an absolutelycritical role, in that it standseven if the restof
quantumtheory is disregarded;however, mostof the restof
the theory is vacuouswithout the conclusionsflowing from
theSchr̈odingerequation.Thus,thechosengoalfor thiswork
is a relativistic wave equationfor an interactingsystem;that
is, theis anequationwhosesolutionscanbeusedto calculate
pertinentobservablesfor apairor moreof particleswhosenon
quantummechanicsis governedby a relativistic formalism.

Thecrucialcriterionfor suchanequation,is thattheequation
mustbeLorentzinvariant,or hereinsimply stated:covariant.
(HanusandJanyszek,1971)In fact,it would beauspiciousif
theequationweremanifestlycovariant.

Hence,thechosenbenchmarkor goalof thiswork is aman-
ifestly covariantwave equationincorporatinginteractionbe-
tweenparticles.

By way of contrastwith existingwave equations,theDirac
equation, although covariant, is not manifestly covariant,
(Sakurai,1967, p. 97) and neitherit nor the Klein-Gordon
equationcanbe extendedto include interactingsystemsco-
variantly, even thoughthey adequatelyserve to describethe
interactionof a particlewith a field. It will alsobe recalled
that the Breit equation,which is an extention of the Pauli
equation(the Pauli equationis the secondorder versionof
Dirac’s equation)to interactingsystemsis not covariantbe-
causeof “instantaneous”interaction.In fact,to date,theprin-
ciple criticism of relativistic quantumtheory is that interac-
tions are always treatedin an approximateor instantaneous
fashion.(HanusandJanyszek,1971)A searchfor thesource
of this difficulty, or reasonthatdedelayedinteractionhasnot
beenincorporated,quickly leadsoneto theconviction thatthe
privilegedrole of time in theusualquantumformalismis the
crucialobstacle.Furtherinvestigationleadsto theadditional
conviction thatthis featureof quantumtheorycouldbealtered
only if a radicalnew understandingof quantumtheoryitself
is found.

At the sametime, non quantumrelativistic mechanicsis
perplexed on both of its fronts. (Rohrlich, 1965, p. 194)
Theorthodoxandpopularfield theoryapproach,inspiredby
Maxwell, is besetby the inelegancy of not admittinga con-
sistentvariationalapproach;that is, the equationsof motion
for coupledparticlesandtheirattendantfieldscannotbecon-
sistentlyderivedfrom a singleLagrangian.Also, field theory
suffers from well known divergencies.The lesswell known
form of relativistic mechanics,action-at-a-distanceformula-
tion inspiredby Newton andrelativizedby Fokker (1929),al-
thoughonaformal level apparentlywell constructed,is vexed
by theontologicallynoxiouspresenceof advancedaswell as
retardedinteractionand the mathematicallynoxiousfeature
of equationswhich arenot integrablewith any local stepwise
procedure.Theseproblemsarediscussedat greaterlengthin
SectionIII. In summary, nonquantumrelativistic mechanics
is not yetdisposedto quantization.

Moreover, thereareseveral“no-go” theoremspertainingto
relativistic mechanics,thatprovethatrelativistic Hamiltonian
formulationsof mechanics(of exactly thesortmostlikely to
be quantizable)do not admit interactionbetweenparticles.
Thesetheoremsshall be analyzed,andit will be shown that
they dependonelementsin theirhypothesesintendedto make
themcompatiblewith thespecialstatusthatquantummechan-
ics givestime, which, if relinquished,nullifies their conclu-
sion.

As thesevariousdifficulties are examinedin turn, it be-
comesapparentthat thoseof field theory are intrinsic and
irreconcilable,while thoseof action-at-a-distancemechanics
resultonly from Fokker’s choiceof Lagrangian.In short, it
maybesaidthattwo obstaclesmilitate againsttheunification
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of quantumtheoryandrelativity: one,the privilegedrole of
time in the quantumformalism,and two, the lack of a suit-
ableLagrangianfor relativistic action-at-a-distancemechan-
ics. Accordingly theintermediategoalsof this work arefirst,
to uncovera formalismof quantumtheorywhichdoesnotput
time in anexaltedposition,andsecond,to proposea suitable
Lagrangianfor relativistic mechanicsof interactionsystems.

An overview of this work

SectionI, SubsectionA, is a survey of threeothertypesof
attemptsto reformulatequantumtheory, searchingfor clues
to a fruitful approachin their successesandfailures.Subsec-
tion B resolves the paradoxresultingfrom the existenceof
a stochasticderivation of Schr̈odinger’s equationcoexisting
with proofsthatsuchis impossible.In SubsectionC, a phys-
ical interpretationof de Broglie waves is presentedwhich,
in SubsectionD leadsnaturally to a quantizationprocedure
shown to giveSchr̈odinger’sequation.

Section II, SubsectionA, contains an analysis of no-
interactiontheoremsandshows that they arethe resultof at-
temptsto give time theverysameprivilegedrole thatit hasin
nonrelativistic mechanicsandquantumtheory. In Subsection
B, a Lagrangianis proposedwhich circumventsthe difficul-
tiesensuingfrom Fokker’s Lagrangian.In SubsectionC two
issuesbearingon the epistemologicalfoundationof action-
at-a-distancemechanicsare discussed,namely, the possible
existenceof magneticmonopolesandadvancedinteraction.

In SectionIII thequantizationtechniquesdevelopedin Sec-
tion I are appliedto the relativistic mechanicsdevelopedin
SectionII to achieve the benchmarksetout in this introduc-
tion; i.e., a manifestlycovariantwave equationincorporating
interaction.

I. QUANTUM THEORY

A. A Survey of Attempts to Reform ulate Quantum Theor y

1. Paradoxy: The source of discord and the Motivation for
Reformulations of Quantum Theory

Even when the problemsin quantumtheorypresentedby
the specialrole of time aredisregarded,the history of quan-
tumtheoryis permeatedwith distress,schismandheterodoxy.
ThedebatebetweenEinsteinandBohr beinga widely known
casein point. The differenceof opinion canbe attributedto
two causes:One,thenatureof the foundationsof the theory,
which areabstractaxiomshaving little intuitive relationsto
perceptualexperience;and two, paradoxes in interpretation
resultingfrom the postulatedcollapseof the wave packet at
the instantof measurement.With regardto thesecondissue,
Wigner’s illustration(d’Espagnat,1971,p. 419)of this para-
dox is probablythe most incisive. He asksone to consider
a wave packet for a friend who hasperformeda binarymea-
surementbut hasyet to reporttheresult.Sucha wave packet
mustcontainasuperpositionof bothoutcomesand“collapse”
to thevaluemeasuredby thefriend whenhegivesthereport;

i.e.,whenthefriend is “measured.” It is, however, a common
experiencethat thosewho performbinary measurementsdo
not exist in anambiguousstateuntil reportingresults.At the
sametime, a wave packet cannot be regardeda representing
only theobserver’sstateof knowledgesinceit mustmediatein
certaininteractions;i.e., beamsof particlediffract, therefore
wave functionsmusthave anexistencedifferentfrom thatof
ordinaryprobabilitydensities.

With regardto thelattercause,thehistoryof quantumthe-
ory suffers no dearthof attemptsto reformulatethe founda-
tions on the basisof axiomsthatareboth moreintuitive and
revealingwith respectto interpretation.In thisSubsection,an
historicalsurvey is madeof theepistemologicalmotivationfor
someof theseattemptsat reformulation;the survey is made
for the sake of cultural edificationandstimulation. Herein,
the consequentmathematicaldevelopmentfor an ideais not
examined,but attentionis focusedonly theconceptualframe-
work. Purelyformal or mathematicalreformulationswill not
be considered.In any survey effort of this sort, it is neces-
saryto choosea vantagefrom which to evaluateandcriticize.
Herein,classicalphysicsis chosenasthebasisof evaluation,
asthewriter believesthatthefailuretounderstandcertainphe-
nomenafrom within classicalphysicsthusfardoesnotconsti-
tutea demonstrationof its inadequacy to explain thesesame
phenomena.

Most attemptsat reformulatingquantumtheoryaremoti-
vatedby a similarity betweensomeclassicaland quantum
phenomena;therefore, theseattemptsmay be categorized
by the sourceof the classicalinspiration;hereinthreetypes
are considered:1) field theoretic,2) hydrodynamicand 3)
stochastic–probabilisticmodels.

2. Field-Theoretic Reformulations, A survey and Criticism

Many field theoreticreformulationsof quantumtheoryfo-
cus on the wave natureof matter and attemptto reconcile
this wave natureby associatingelectromagnetictype fields
with particlesby a mechanismotherthancharge.Otherfield-
theoreticmodelsattemptto capturethe essenceof quantum
theoryin the mathematicalcharacterof field theories.(Jam-
mer, 1966)In any casethebasicmotivationof theseattempts
seemsto comefrom anintuitive ideathatthesuccessof elec-
trodynamicsmustbe indicative of the fundamentalnatureof
of physicstheories.The physicsof theseattemptsis strictly
of anapologeticnature,that is, thesetheoriesarejustified in
termsof beingableto yield resultscomparableto laboratory
experienceratherthatbeingtheoriesdeducedfrom fundamen-
tal intuitiveconceptsof innatephysicalappeal.

Many field-theoreticmodelsweregivenaconceptualgene-
sisby deBroglie (1922)and1923,wherehepositeda recon-
ciliation of thewave propertiesof light andthephotoelectric
andComptoneffects. De Broglie demandedthat the Planck
hypothesisbeconsistentwith electromagnetismvia relativity
by setting:

hν � mc2 � (1)

In 1927de Broglie successfullydefendedthis notion in his
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dissertation;however, the interpretationcontinuedto disturb
him. To wit:

I saw not lessclearly what considerabledif-
ficulties one was going to encounterwhen one
would wish to statepreciselythe exact relation-
ship of wave andcorpuscleandto reconcilethe
two expressionsof this dualism,without deviat-
ing too muchfrom the classicalideasadmitting
the possibility of representingall physicalreal-
ities by picturesin the framework of spaceand
time, and attributing a vigorousdeterminismto
theirevolution. (deBroglie,1955)

In theyearsfollowing,heattemptedto resolvetheseproblems
throughhis “theory of the doublesolution;” a theorywhich
maintainedthatanordinarywave function,whosephasecon-
tainedthewave-likeaspectsof particletrajectories,andwhose
amplitudeonly reflects the probability of presencein any
given region of space,was only the shadow, as it were, of
a “secondsolution” to anotherwave equation. This second
wave equationwould have solutionsingularitiesin the wave
amplitude,which shouldexhibit thepropertiesof corpuscles.
Thus,thesingularitiesshouldride alongon thephasewaves,
andthe whole shouldjibe with both the classicalconception
of space-timeandwith theobservedcorpusclenature.A ver-
sionof this theorywith simplifiedmathematicswaspresented
to the Solvay Congressin 1927,whereit encounteredsevere
objections;thereafter, deBrogliebecameanapostleof theor-
thodoxview, overwhelmedby themightof opinionandby his
own failureto developthis ideafurther. (deBroglie,1962)

This particularline of heterodoxy, initiatedby de Broglie,
wasrevivedby Bohm(1952)and(1952a)in which, in effect,
he disprovedby counterexamplethe implicit claim madeby
the CopenhagenSchool,that their’s was the only internally
consistentinterpretationof quantumtheorypossible.There-
sult wasobtained,essentially, by notingthatif Ψ

�
x � t � is writ-

tenas

Ψ
�
x � t � � R

�
x � t � eiS� x � t �

h̄ � (2)

andput into theSchr̈odingerequation,thefollowing two cou-
pledequationsareobtained:

∂R
�
x � t �

∂t
�	� 1

2m



R

�
x � t � ∇2S

�
x � t ��� 2∇R

�
x � t ��
 ∇S

�
x � t ����� (3)

and

∂S
�
x � t �

∂t
�	� ∇2S

�
x � t �

2m
� V

�
x� � h̄2∇2R

�
x � t �

2mR
�
x � t ��� � (4)

Theseequationslendthemselvesto directinterpretationin the
limit h̄ � 0; Eq. (4) becomesthe usualJacobyequationfor
an action function, S

�
x � t � , whosegradientis, as in classical

mechanics,a velocity field; Eq. (3) becomesthe continuity
equationfor ρ

�
x � t � whenit is definedas

ρ
�
x � t ��� R2 �

x � t ��� (5)

and can be interpretedas a densityon phasespace. When
h̄ �� 0, however, theextra termin Eq.(4) is saidto bea“quan-
tum potential,” which, in effect, introducesthe “pilot wave”
effect soughtby de Broglie twenty yearsearlier. However,
Bohm attachedphysical, rather than purely formal, signifi-
canceto the waves associatedwith the particle throughthe
functionS

�
x � t � ; thus,thecollapseof thewavepacketparadox

(a.k.a.non-locality)mustalsoplaguethis interpretation.This
analysishasalsobeenextendedto therelativistic case;and,in
all, the programcanbe held to be successfulin that it is not
in conflict with observations,althoughit providesno testable
conflictwith theorthodoxinterpretation(Freistadt,1957),nor
hasit beensuccessfulat establishinga basisfor quantumthe-
ory morecompatiblewith intuition.

A moreintuitively appealingconcept,on thesurface,is of-
fered by Goedecke (1964), who suggestedthat the discrete
levelsof a quantizedsystemmaycorrespondto motionsof a
chargedparticle,which, dueto geometricconsiderations,do
not radiate.This notion waspursuedfurtherby Grimeswho
arguedthat certainothereffects thoughtto be quantumme-
chanicalin naturemight beunderstoodclassically. However,
becauseof theincompleteandlargelyprogrammaticnatureof
thisconceptit is opento muchcriticism.

SachsandSchwebel(1961)haveproposeda muchgrander
versionof a field theoreticreformulationof quantumtheory.
Thefoundationof their theoryis thenotionthat theobjectof
primary interestis the interactionratherthanthe subjectsof
theseinteractions.(Sachs,1963)This theory, containingcou-
plednonlinearfield equationsequalin numberto thenumber
of particlesin thesystem,interpretsquantummechanicsasa
statisticaltheoryof elementaryinteraction. Many of the re-
sultsof orthodoxquantumtheorycanbeduplicatedin there-
formulation,although,astheauthorspointout,preciseagree-
ment is in principle impossible. (Sachs,1971)Furthermore,
the sourceof the randomnessnecessitatingthe statisticalap-
proachandthevalueof h̄ arealsoad hocaddenda.Themeta
logic seemsto bethatof curvefitting; i.e.,datacanbefittedto
a theoryto within arbitraryprecisionby usingever increasing
complexity theway a curve canbefitted by usingever more
terms.

Thelastexamplehereinof whatcanbecalleda field theo-
retic foundationfor quantumtheoryis Wesley (1961),whose
interpretation,althoughsimilar to the deBroglie-Bohmpilot
wavetheory, differsfrom it in thatheconsiderswavefunctions
to have no direct physicalsignificance. Their only purpose
is that of a generatingfunction for the mathematicalexpres-
sionsfor the orbits. The wave-like phenomenaof quantum
theory, accordingto this view, aremerelya manifestationof
thecollective phenomenaof individual particles,this hasthe
desirability featurethat, if true, it shouldleadto an observ-
ablediscrepancy at somelevel betweencollective wave-like
behavior and individual trajectories.However, to quotethis
author,

... [it] suggeststhat submicroscopicphenomena
may be amenableto investigationwith the fruit-
ful toolsof classicalphysics,[but] it still fails to
presenttheactualphysicalproblembeingsolved.
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3. Hydrodynamic Models: Survey and Criticisms

Hydrodynamicreformulationsarein factmostlyreinterpre-
tations resulting from a coincidencein the form of certain
equations.Thesemodelsasa grouparethe leastappealing,
thephysicsis entirelyapologetic,andphilosophicalissuesare
obfuscatedandexacerbated.

Madlung(1926)seemsto haveoriginatedthehydrodynam-
ical modelof quantumtheory. In amannerparallelto Bohm’s,
heseparatedtheSchr̈odingerequationinto therealEq.(3) and
the complex Eq. (4) andnoteda similarity with the Navier-
Stokesequations;this modelhasbeenfurther discussedand
enlargedby Takabayasi,Bohm,Vigier andSchoenberg; see:
(Freistadt,1957).

Two immediate objections can be raised. One, since
Schr̈odinger’s equationinvolves configurationspacerather
thanphysicalspacevariables,eitherthemodelrequiresasep-
aratefluid for eachparticle, or, the proposedfluid flow is
purelyasematicsimile. Two,whatin theBohmtheorywasin-
terpretedasa“quantumpotential”is in hydrodynamicalmod-
elscalleda“quantumpressure.” Quantumpressurehasanon-
local characterin that it dependsnot only on thevalueof the
fluid pressure(i.e., in hydrodynamicalmodelsΨ � � x � t � Ψ �

x � t �
is interpretedasa pressure)at a given point, but alsoon its
derivative,whichnecessarilyinvolvesvaluesof thefluid pres-
sureat neighboringpoints. (Bohm,1952)This secondobjec-
tion hasto someextentbeenmet by Gilson (1969),who has
shown thattheform of a “quantumpressure”is reasonableon
classicalgroundsbasedonathermodynamicargumentassum-
ing thattwo fluidsarein thermodynamicequilibrium.

Variousfurtherconjectureshave beenmadeby Bohm,and
others,thatparticleswith spincanbemodeledor understood
by considerationsinvolving vorticity in the “quantumfluid;”
healsoarguedthatquantumdispersioncanbeunderstoodas
randomfluctuationsin thesefluids. Although thesetwo no-
tionshaveacertaininnateappeal,they don’t overcomethere-
pulsivenessof multiple fluids; althoughsuggestionsthatonly
for eachtypeof particleis thereaseparatefluid, doameliorate
this objectionsomewhat.

4. Stochastic Probabilistic Models: Survey and Criticism

Stochastic-probabilisticreformulationsof quantumtheory
areboth the mostsuccessfuland the leastapologetic. there
aretwo principlesourcesfrom which they derive their inspi-
ration: stochasticmechanicsandsomeversionof mathemati-
cal monism.Althoughearlyattemptsto deducequantumthe-
ory predateChandrasekhar(1943),his paperhasbecomethe
motherlode for many later attempts. The physicalmotiva-
tion andanalysisin theseattemptsparallelsthatfor Brownian
Motion, andin factoftenequatesthem.

Mathematicalmonismis a philosophicalpositionholding
that all physicsis containedin someareaof mathematics.
Many relativistshold, for example,thatphysicsis contained
in geometry. (Graves,1971)In thecaseathand,probabilityis
creditedwith physicalcontent.

By far the most popularreasoningin thesemodelsis no

more that algebraicmachinationsdescribedwith the vocab-
ulary of statisticalmechanics.In fact, althoughmany of the
thesetheoriescontaincalculationsfreeof error, deeperanaly-
sisrevealsthattheircontentmustbenull in orderto beconsis-
tentwith their interpretation;that is to say, it hasbeenshown
thatquantummechanicsandstochasticmechanicsarefunda-
mentallydisjoint.

Stochasticmodels can be categorized according to the
sourceof the randominput implicit in the term stochastic;
someauthorsattribute the randomelementto an internalor
intrinsiceffect,suchasobservationalerrorfor example,while
othersinvokeanexternalsource.Somestochastictheoriesare
of apurelyformalsort,not imploringany physicalmotivation
or justification,ratherjust exploiting analogywith equations
from stochasticmechanicsin orderto ferretout propertiesof
solutionswith greaterease.

The mainstreamof the stochasticreformulationsof quan-
tum theory begins with studiesdone by Wigner (1932) in
a very orthodox spirit. He introduced,in connectionwith
questionsregardingthermodynamicequilibrium, the follow-
ing expressionrelating quantumwave functions to phase-
spacedensity-likeexpressions:

P
�
x � p � t � � � 1

h̄π � n ��� 
�
�
 � dnye
i2y � p

h̄ Ψ � � x � y� t � Ψ �
x � y� t � �

(6)
Thetemptationto considerP

�
x � t � a probability in theclassi-

cal sensemustbe resisted,accordingto Wigner, asit is easy
to discover that P

�
x � t � neednot be everywherepositive; for

verification one needonly take the first excited stateof the
harmonicoscillator for Ψ

�
x � t � in Eq. (6). The studyof this

correspondencewasfurtheredby Moyal (1947)who studied
quantumtheory as a statisticalmechanicsof indeterminate
processes.He makesthe observation that the eigenfunctions
of thedynamicalequationof a Markoff processlead,evenin
classicalprobability theory, to densitieswhich arenot every-
wherepositive; acceptableprobabilitiesthenarelinear com-
binationsof theseeigenfunctions.Furthermore,he relatesa
demonstration,creditedto Bartlett, that a probability P

�
x � t � ,

whichis nonnegativefor any givenvalueof t, will remainnon-
negative for all valuesof t underevolution determinedby the
Schr̈odingerequation. Thus,Eq. (6) establishesa link with
classicalstatisticalmechanics,albeit,purelyformal;however,
this link is in thewrongdirection,from quantumto classical,
to beusefulin resolvinginterpretationalobscuritiesin quan-
tum theory. Also, the seeminginnocuousrole playedby h̄,
contrastsmarkedlywith thefactthatit scalesphysicaleffects.

Land́e (1965)and(1965a)alsopromulgatesan exposition
of quantummechanicsbasedon probability to resolve the
dilemmaresultingfrom the conceptof duality. He hasad-
vancedmuchstingingcriticism of the Copenhageninterpre-
tation,andhasattemptedto resolve theissuesby introducing
a “third fundamentallaw” of quantumtheory, aswell asby
argumentsregardingthe characterprobabilitiesmusthave in
orderto function asdo thosein quantumtheory. This “third
principle,” dueto Duane(1923),appearsto be no morethan
the observation that Fourier analysisleadsto a countableset
of coefficients when the domain is finite (compact),which
speaksto the discretenessin quantumtheory. Fundamental
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in Land́e’s analysisis the assumptionof reversibility, which
firsthe

�
justifiesascorrespondingto timesymmetryin classical

physics,andthenusesto extractthesuperpositionprincipleof
wave functions. In all, Land́e’s formulationinvolveslessin-
tensephilosophicalapology, but somehow still suffers from
theimpressionof beingteleologicallymotivated,probablyre-
sultingfrom lack of physicaljustificationfor critical pointsat
theonset.His view alsosuffersthedeficiency of introducing
a fundamentalconstantwithout a fundamentaljustification,a
difficultly herecognizes.(Land́e,1960)

Another example of a statistical reformulation is by
Liebowitz (1968), who developsthe stationarySchr̈odinger
equationfrom a “mechanicsof finite precision.” The argu-
mentis lucid andclassicalbut alsofails to justify thequantum
mechanicalsuperpositionprincipleasappliedto solutionsof
theSchr̈odingerequation.Collins(1969)and(1970)alsopro-
posea reformulationof physicsincludingquantumtheory, in
which thefundamentalAnsatzis, thatuncertaintyis endemic
to all physicalmeasurement.From this Ansatz,andexplicit
probability-monism,this paradigmmotivatesa coterieof for-
mal manipulationsto getexpressionsresemblingwell known
formula;however, sinceuncertaintyinherentin measurement
canin principle be reducedinfinitely, unlessassumedother-
wise, the relationshipwith quantumtheory and Heisenberg
uncertaintyis left obscure.Furthermore,it doesnot explain
how quantumphenomenaarise independentof observation
(i.e., why does,for example,an atomnot “run down” even
evenwhennot beingobserved?).

Many stochasticmodels of quantumtheory dependon
Brownian motion for inspirationandvocabulary; but, under
analysisit oftengoesno further. Therearetwo linesof attack
for Brownianmodels,theanalyticandsynthetic,with thefor-
mer, oneshows that the equationsof quantumtheorycanbe
reducedto somevariantof thoseof stochastictheory, whereas
thelatterreversestheprocedure.

Theanalyticline wasinitiated,apparently, by Fürth (1933)
andextendedby Comisar(1965), de la Pẽna-Auerbachand
Colin (1968),andothers.Comisar’s analysisis dependanton
Feynman’spathintegralapproachto quantumtheoryin thathe
reducesFeynman’s integral equationfor thewave functionto
Schr̈odinger’sequationwith argumentsinspiredby Brownian
motiontheory. Theresultsof theanalysisarepurelyformalas
it involves“fictitious collisions” andan imaginarydiffusion
constant.

de La Pẽna-Auerbachet al. (1968), are much more con-
vincing. Their analysisproceedsin a mannerparallelto that
of Bohm. Making thesamesubstitution,Eq. (2), heputsthe
resultingexpressionsin the form of the continuity equation,
Smoluchowski’sequationandanexpressionof energyconser-
vation.Healsogivesaself-consistentstochasticinterpretation
of quantummechanics.

Theanalyticapproachalsohasa long lineagestartingwith
the work of Feyes (1952), Weizel (1954), Kershaw (1964),
Nelson(1966)andde La Pnña-Auerbach(1967)andothers.
Kershaw andNelsondevelopdevelopSchr̈odinger’sequation
with argumentstakendirectly from stochasticmechanics,dif-
fering in whatappearsto beonly innocuousdetail. However,
upon closescrutiny, one finds that the argumentinvolvesa

Gaussiantransitionfunction P, to be usedin the Chapman-
Kolmogorov equation,(Chandrasekhar, 1943):

ρ
�
x � t ��� t � � �

P
�
x � δx � t � � t � ρ �

x � δx � t � d3x � (7)

which, ascanbe verified easily, will not yield the spreading
wavepacketof quantumtheory, ratherthatof diffusiontheory
(See:SubsectionB, SectionI).

A secondvariationof thesyntheticapproachcanbefound
in the work of Marshall (1963),Surdin (1971),andSantos
(1972). Marshallextends(Moyal, 1947)to chargedparticles
andshows that thefinite groundstateenergy of an harmonic
oscillator can be understoodby consideringa randomelec-
tromagneticfield permeatingspacewith which any charged
oscillatormustbein energeticequilibrium. He furthershows
thatthishypothesiscanbeextendedto modelsof themagnetic
susceptibilityof materials. This viewpoint is given further
weight by Boyer (1969)whereit wasshown that the Planck
spectrumandthe Casimireffect follow classicallyfrom this
hypothesis.With theadditionalassumptionthatthespectrum
of this backgroundis suchthat it doesnot lead to velocity
dependentforceson particlessubjectto it, Boyer is able to
clarify photonduality. That is to say, he shows that the ex-
pressionswhich have beenderivedfrom thephotonhypothe-
sisandverifiedexperimentallycanalsobederivedfrom non
quantumelectrodynamicswheneffectsdueto thisbackground
are taken into account. (Boyer, 1968) Surdin goesa step
further with the samehypothesisand advancesa derivation
of Schr̈odinger’s equation,creditedto Olbert (without refer-
ence),(Hayakawa, 1973), in anothercontext; however, this
derivationusesthemeanvaluetheoremin aquestionableway.
Santosderivesfurtherresultsin a nonrigorousfashion;deLa
Pnña-Auerbach(1967)hasalsoderived Schr̈odinger’s equa-
tion for stochasticmechanics,but at theexpenseof introduc-
ing averyartificial expressionfor thepotential.

5. Criticisms of von Neumann, Bell, Gilson et al.

In theabove survey of conceptsfor reformulationof quan-
tum mechanicson a basisrespectingintuition, many canfind
an attractive alternative; however, the well known resultsby
von Neumann(1955)andBell (1965)raisefurtherobjections
andcomplications.Von Neumann’s theoremproves,ostensi-
bly, theincompatibilityof quantummechanicswith a‘hidden-
variable”theorywhichwouldreduceto quantumtheorywhen
the heretoforehiddenvariablesare averagedout. But, von
Neumann’s theory has beencriticized preciselywhere any
theoryis vulnerable,namely, for having a conditionin its hy-
pothesisthat is not germaneto every sort of hiddenvariable
theory, namelythat thehiddenvariablearelinearin thesame
senseas the canonicalvariables. Bell’s theoremshows that
no local hiddenvariabletheorycanreproduceexactly quan-
tummechanics.It alsoleadsto experimentswhichcandecide
betweena local hiddenvariabletheory and orthodoxquan-
tum theory;thusfar (1973),resultsfavor the latter. However.
Bell’s work doesnot excludethepossibleof a classicalfoun-
dationfor quantumtheorysinceit is not madeclearwhether
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classicaltheoriesarelocal theories.1

Stochastic! theorieshave anotherobstacle. Gilson (1965)
hasshown that: “... quantummechanicshaslittle if anything
to do with stochastictheory.”

Using an argumentbasedon Feynman’s propagator, he
found that, one, a quantumtransitionfunction is dependant
on the initial state;andtwo, that a quantumtransitionfunc-
tion is morelike a deltafunction that a Gaussian.The same
resultswereobtainedby Hall andCollins (1971)basedon a
studyin which stochasticmechanicswasrenderedin thelan-
guageof operatorson a Hilbert spacein order to make the
two theoriescomparable.Their conclusionthat “... quantum
mechanicsandstochasticmechanicsdo not coincideexcept
in a trivial case,” follows from the observation that quantum
operatorsareunitary (reversible)whereasthoseof stochastic
theoryareisometric(generallyirreversible).

Although noneof thesereformulationshastreated‘spin,’
andothersaremanifestlyinadequate,attentionshouldbe di-
rect to efforts which are still potentially successful,namely
thoseof Goedecke andBoyer. Still, even thoughno formal
refutationof Goedecke’s notion is known, it seemsvery un-
likely thatthemyriadof quantumphenomenacanbeclarified
by his idea.On theotherhand,Boyer’swork hashadsuccess
at elucidatingsomethe phenomenawhich stimulatedthe in-
ceptionof quantumtheory, including ‘photon statistics,’ and
therforecanbewithoutconsequence.

B. Nelson’ s Stoc hastic Process

1. Nelson’s counterexample to proofs that Stochastic and Quantum
Mechanics are Irreconcilable

The following issueon the foundationsof quantumme-
chanicshascometo somethingof aparadoxicaldeadlock.On
theonehandNelson(1966),andothers,encouragethe infer-
encethatstochasticprocessesplaysomesortof ill understood
role in quantumphenomena,while on theotherhand,Gilson
(1965)andHall andCollins(1971)haveshown thatstochastic
andquantummechanicscoincideonly in thetrivial caseof de-
terministicstochasticprocesses.Thepoint of this Subsection
is twofold: first, to exhibit a simpleargumentwhich leadsto
theconclusionof thelatterauthors,andsecond,to resolve the
apparentparadoxby drawing attentionto certainelementsim-
plicit in theassumptionsemployedbyNelsonin hissuccessful
derivationof Schr̈odinger’sequation,andto show, thatin spite
of thephysicalmotivation,Nelson’s formalismis compatible
with theconclusionsof Gilson,Hall andCollins.

1 After-the-factnote: This statementwaswritten early in 1973,whenit was
unclear, to this writer at least,whetherBell’s andEinstein’s non-locality
were the same. Subsequentpublicationsby Bell in the late 1970’s and
1980’s removedall ambiguity;and,this writer thentook theview thatBell
too musthave introducedan inappropriatehypotheses.Recentwork has
solidly verifiedthis hunch.

2. A Simple Version of the Proof of Irreconcilability of Quantum and
Stochastic Mechanics

Thisargumentis in theform of acounterexampleto claims
thatquantummechanicscanbe modeledby a Gaussianpro-
cess,andproceedsasfollows: considera hypotheticalwave
function,say:

Ψ
�
x � 0� � Ae" x2

2 # (8)

UseFeynman’spropagatorto calculateΨ
�
x � t � :

Ψ
�
x � t � �%$ m

i2πh̄t

�
dx& ei � x " x' � 2

h̄( 2mt Ψ
�
x � 0� � (9)

Now computeρ
�
x � t � :

ρ
�
x � t � � Ψ � � x � t � Ψ �

x � t ��� (10)

andcomparethis with ρ
�
x � t � computedby usinga transition

probabilityfor a Gaussianstochasticprocessasfollows:

ρ
�
x � t � � $ m

2πh̄t

�
dx& e � x " x')� 2

h̄( 2mt ρ
�
x � 0��� (11)

whereρ
�
x � 0� is:

ρ
�
x � 0� � Ψ � � x � 0� Ψ �

x � 0� � (12)

Eq.(10) hasthegeneralform:

ρ
�
x � t � � $ 1

1 � at2e " x2

1* at2 � (13)

whereasEq.(11) resultsin:

ρ
�
x � t � � $ 1

1 � at
e " x2

1 * at � (14)

The quantumexpression,Eq. (13) is the familiar spreading
wave packet of quantummechanics,whereasthe stochastic
expression,Eq. (14), is familiar from diffusion theory. The
resultsarenot the same,andEq. (14) essentiallyconstitutes
a counterexampleto the claim that stochasticprocessesmay
beusedto modelquantumtheory. Theconclusionto bedrawn
from thiscounterexampleis: Gaussianstochasticprocessesin
configurationspace(an Einstein-Smoluchowski process)can
not modelquantumtheory. Sincethe very samecalculation
can be executedin momentumspace,Ornstein-Uhlenbeck
processes(i.e.,aGaussianin velocity) (Chandrasekhar, 1943)
arealsoexcluded.Althoughthis exercisesuffers,asdo most
counterexamples,from a paucity of insight in the issueat
hand, it is offered as an expedientalternative to the more
complex but more revealing argumentsof Gilson, Hall and
Collins.

3. Hidden Determinism in Nelson’s Counterexample

Nelson’s formulation appearsto standin defianceof the
work of Gilson, Hall andCollins. Although the latter have
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shown thatno stochasticprocesscanmodelquantumtheory,
Nelson! appearsto have devised a stochasticprocesswhich
doesso. This conflict canberesolvedby showing that in fact
Nelson’s processis deterministic,which we proposeto do by
showing thatit veryquietlydepartsaltogetherfrom stochastic
theory. Nelson’s paradigmis motivatedwith a discussionof
Brownianmotion in configurationspace,so that it is written
for dx:

dx � bdt � dw
�
t �+� (15)

wheredx is an incrementalchangein thepositionx of a par-
ticle, b is the meanforward (in time) velocity, anddw

�
t � is

a “Weiner” process,i.e.,a randomincrementalchangewhose
momentsto first orderare:,

dw - � 0; , �
dw� 2 - � νdt; (16)

consistentwith Brownian theory. But, the paradigmalso
needsasecondprocess:

dx � b� dt � dw� � t �+� (17)

whereb� is to betheso-called‘meanbackwardvelocity’ and
dw� � t � is a Weinerprocesssuchthatdw

�
s� is independentof

dw
�
t � for s . t. Nelsondid not proffer physicalmotivation

for this secondprocess.However, onemustconclude,thatei-
ther therearwardprocessis theforwardprocessexpressedin
a timereflectedframe,or it is not. If it is not, theneitherit af-
fectshalf of theensembleall of thetime,or all of theensemble
half of thetime. In thelattercaseit couldbeexpressedin the
time-forwardframeandaddedto whatis alreadythereto give
a normalWeinerprocess;and, in the former case,quantum
systemswould be comprisedof non-interactingforward and
backwardpartialensembles,eachof which mustnevertheless
beobservableto consciousquantumsystems(e.g.,humanob-
servers), —a paradox. If this processis a forward process
expressedin thetime reflectedframe,thenthecorrelationbe-
tweenthetwo processcanbecomputedandis foundto be:,

dwdw� - � � νdt � (18)

So,consideringthecombinedprocess,w � w� , its secondmo-
mentis:, �

dw � dw� � 2 - � νdt � νdt � 2 ,
dwdw� -/� (19)

which is clearlyzero,i.e., deterministic!This fact reconciles
Nelson’s paradigmwith Gilson’s, Hall andCollins’ “no-go”
conclusion.

C. Duality and Waves

Maisje nesuispassûr quedansununiversoù
touslesphénom̀enesseraientrégisparun schḿa
math́ematiquementcoh́erent,mais dépourvude
contenuimaǵe, l’esprit humainseraitpleinment
satisfait. —Thom(1972)

1. A Proposal: The Background Gives Imaginable Content to de
Broglie’s ‘Second-solution’

In recenttimesno onehasbroughtdeeperdoubtandmore
disciplinedcriticism to whathasbecometheorthodoxunder-
standingof the quantummechanicalconceptof duality, than
theoriginatorof theconcept,deBroglie.Hehasaccomplished
this critique by his advocacy of an alternative theory, des-
ignatedas the “theory of the doublesolution”, (de Broglie,
1970) which seeksto interpret the wave characterof parti-
clesin afashionrespectingtheintegrity of spaceandtimeand
thereforeour classicalintuition.

Suchareinterpretationin needednot in orderto satisfyhu-
manvanity by respectingintuition, but in orderto resolve the
paradoxwhichperplexestheinterpretationof quantumtheory.
This paradox,apparentlydiscussedfirst by Einstein(Ballen-
tine,1970),canbestatedbriefly asfollows: Supposea plane
wave solutionto Schr̈odingerEquation,representinga parti-
cle in abeam,impingesonaplanedetectorsuchthatthewave
front is parallelto thedetector. Eventuallyoneobservesthat
theparticleimpactsthedetectorat a distinct location. At the
very instantof impact,theentirewave must“collapse”to the
point of impact,andmustdo sofasterthanthespeedof light,
which impliesthatthewavemustnot beconsidereda “physi-
cal” wave,but insteadmustberegardedasan“informational”
device. On theotherhand,beamsof particlearediffractedat
slits, which implies thatparticlesaremovedin their individ-
ual trajectoriesapparentlythroughthemediationof thewave.
Thefactthatthewavemediatesin physicaleventsmeansthat
thewave mustbea “physical” entity. Thus,thewave mustbe
bothunphysicalandphysical,paradoxically.

Accordingto the imageryof de Broglie’s doublesolution
theory, particleduality is a manifestationof the physicalna-
ture of a particle (i.e., somethingwhoseclassicallimit is a
particle)as“a verysmallregionof high-energy concentration
asa kind of moving singularity.” (deBroglie, 1970)In other
words,the wave characterof a particleis dueto the wave in
which theparticleresidesasasingularity.

On theotherhand,wave duality canbeaccountedfor con-
sistentlywith theclassicalpostulatethat thereexistsfluctuat-
ing electromagneticradiationwith a Lorentzinvariantenergy
spectraldensity. Lorentzinvarianceinsuresthat no frameis
preferred,and implies that the energy spectraldensity is of
theform:

E
�
ω � � const�10 ω � (20)

where the constantis set equal to h̄ 2 2 phenomenologically.
(Boyer,1968)

Now Theimer(1971)hasshown in abeautifullysimpleway
how thisbackgroundspectrumleadsto thePlanckblack-body
spectrumwithout a “quantum” hypothesis.He hasalsode-
rivedthefollowing expressionfor thefluctuationsof thermal
(blackbody)radiationenergy density:, �

δρT � 2 -, ρT - 2
� 1 � 2 , ρB -, ρT - � (21)
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whereρT andρB aretheenergy densitiesof the thermaland
background3 fieldsrespectively, andδρ is thefluctuationmag-
nitude.Thesignificanceof thisexpressionis thatthefirst term
on the right sideis characteristicof classicalwaves,the sec-
ond term of a classicalsystemof particles.Thesummaybe
said to characterizea “dualistic” entity; however, Theimer’s
derivationshowsthatthisdualismneednotbepredicatedona
quantumhypothesis,but canbeunderstoodwithout violating
the identity of classicalwaves. Furthermore,this demonstra-
tion is sufficient to completelyprecludetheneedfor a “quan-
tum” or photonhypothesis,becausethis needarisesfrom the
requirementto explain “photonstatistics,” whichEq.(21)sat-
isfies.

It is thepointof thiscommentto proposetheargumentthat
thebackgroundhypothesiscanalsobeusedto furnishimagin-
ablecontentof a lessetherealform to thebasicideaadvocated
by deBroglie with his theoryof thedoublesolution. (Krack-
lauerandCollins, 1974) In particular, it is proposedherein,
thatthebackgroundprovidesthewaveto whichachargedpar-
ticle maybesaidto coupleto constructthecompositeunit of
waveandsingularityimaginedby deBroglie.

2. The Fundamental Ansatz: Energetic Equilibrium with the
Background

The fundamentalAnsatzuponwhich the imaginablecon-
tent for particleduality is built is the claim that any particle
with chargestructurewill obtain,whenconsideredfor suitably
long periodsof time, energeticequilibriumwith themodeof
the backgroundto which the particle’s charge structurepre-
disposesit to couple. Alternately, this may be expressedby
sayingthe the particle“tunes” to a particularmodefrom the
backgroundandestablishesenergeticequilibrium with back-
groundsignalsin thismode.

As an example,considera dipole consistingof two oppo-
sitely chargedparticlesheld apartby a spring suchthat the
resonantfrequency of the systemis ω0

� The consequenceof
theaboveAnsatzis thatthetimeaveragekineticenergy of the
oscillator, written usually as mA2ω2

0 2 2, is equalto the time
averageenergy in thefluctuatingelectromagneticbackground
modeω0, namelyE

�
ω0 � ; i.e.,

mA2ω2
0 2 2 � E

�
ω0 � � (22)

This expressionis setout hereasanhypothesis,with some
disregardfor thedetailsbecausethethrustof theanalysispre-
sentedhereinis directedtoward an understandingof ‘parti-
cle duality,’ andnot of the structureof the particle itself. In
fact, however, AbrahamandBecker (1933)have shown that
Eq. (22) is rigorousto first order;furthermore,Surdin (1971)
has shown that the secondorder approximationleadsto a
“Lamb” typecorrection.Theserefinements,however, arenot
germaneto thesubsequentbasicargumentregardingparticle
dualityandtheresolutionof its concomitantparadox.

It now remainsonly to interpretEq.(22)in termsof observ-
ableor known quantities.To begin, observethattheenergy of
theoscillatingdipoleis indistinguishablefrom therestenergy
of the systemto an observer who perceivesonly a massive

unchangingsystem;i.e., an observer unawareof the dipole
interactionwith thebackground,whowould write:

mA2ω2
0 2 2 � m0c2 � (23)

wherem0 is, as it were,a “renormalized”massgreaterthan
thesumof therestmassesof thechargedparticlescomprising
the dipole. The differencein massis due,of course,to the
relativistic oscillationof theparticles.As it wasshown above,
theenergy spectraldensitywhich is Lorentzinvariantis given
by theequationsuchthattheenergy pernormalmodeis:

E
�
ω0 � � h̄ω0 2 2 � (24)

Eq. (22)can,therefore,bewritten:

m0c2 � h̄ω0 2 2 � (25)

Now, it is of interestand consequenceto investigatethe
compositionof the right handsideof Eq. (25) in greaterde-
tail. Implicit in the above developmentis the understanding
thatEq.(25) is valid aswritten in therestframeof thedipole,
whereit is meantto expressthe fact that the averageenergy
of thesystemequalstheaverageenergy of themodeω0. The
questionbecomes,therefore,how to expressthe conceptof
energeticequilibriumin anarbitraryframeotherthat therest
frameof theparticle.

In orderto resolve this question,a meansmustbefoundof
transformingthe averageenergy of the backgroundmodeto
which theparticleis tuned.A problemarisesin that thetime
averageequilibrium is establishedwith regardto the unit of
timeof theparticle’srestframe.Thisunit of time is not frame
independentsothatwhathasbeencomputedin theparticle’s
restframemustbe recomputedwith respectto the appropri-
atetime unit in anequivalentframe. Therefore,at once,it is
seenthattheaveragescannot becomputedthentransformed,
ratherthetransformmustbeexecutedfirst, thentheaverages
computed.

Time averageenergetic equilibrium betweena dipole and
isotropicsignalsin a particularmodein the restframeof the
dipolealsoimpliestimeaveragemomentumequilibriumsince
theparticle’smomentumis zeroin this frameandthetimeav-
eragemomentumtransportof isotropicradiationis alsozero.
If this statementis physically meaningful,it follows that it
mustbeframeindependent;therefore,it follows thattime av-
eragemomentumequilibrium must also hold in eachframe
whencomputedwith respectto thetime unit of thatframe.

Therenow remainsonly oneaspectto thequestionof how
to transformthetimeaverageenergy equilibriumstatementto
anequivalentframeandthataspectis: how aretheenergy and
momentumof thesignalsof thebackgroundexpressed?It is
preciselywith respectto this questionthat the energy spec-
trum, Eq. (5), provesmostauspicious.Considerthe general
expressionsfor theenergy andmomentumof planewavesin
freespace,to wit:

E � 1
8π

�54
E0

�
ω � 4 2d3x � (26)

and

P � 1
8πc

�54
E0

�
ω � 4 2d3x � (27)
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Now, by virtueof theLorentzinvariantenergyspectralden-
sity, it

6
follows that

1
8π

� 4
E0

�
ω � 4 2d3x � 1

4
h̄ω � (28)

so that for theaverageof thebackgroundsignals,the energy
maybeexpressedas:

E � 1
4
h̄ω; (29)

andmomentumas:

P � 1
4
h̄7k � (30)

Theseexpressionrefer, of course,to averageor charac-
teristic signals. In the rest frameof a particle thereare two
suchsignalsfor eachdirectionin spacecorrespondingto 8 7k.
Thereforethetotal timeaverageof theenergy for eachdimen-
sionin spaceis in fact:

E � , � h̄ω 9
4

� h̄ω :
4 � -/� (31)

where , - denotestimeaverageof thesetwo signals,sothat

E � 1
2
h̄ω � (32)

Ontheotherhand,thetotal timeaverageof themomentum:

P � , 1
4
h̄7k � 1

4
h̄7k -/� (33)

is clearly zeroin the rest frameof the dipole. This result is
obtainedbecausethe fluctuatingbackgroundsignalsmay be
saidto beone-halfthetimerepresentedby aplanewavemov-
ing to the left, say, andotherhalf moving to theright, sothat
on thetimeaveragethereis no motion.

If now, however, theω ; and 7k; aretransformedto another
inertial frameandthentheaveragesarecomputed,thefollow-
ing expressionsareobtainedfor theenergy:

E & � ,
E &9 � E &: -/�

E & � 1
4h̄

, γ < � ω0 � cβ7k��� �
ω0 � cβ7k�>=?-/�

E & � 1
2h̄γω0;

(34)

andfor themomentum:

P& � 1
2
h̄γβ

4 7k0

4 � (35)

wherea factorof 1 2 2 ariseswith regardto momentumasan
expressionof the fact that eachsign occursone-halfof the
time; i.e., thetime averageof two equallyprobablevectorsis
heir barycentre.

Now, by transformingtheenergy of theparticleandequat-
ing momentumandenergypartsto thecorrespondingpartsfor
thebackground,yields:

γm0c2 � h̄γω0

2
; (36)

and 7p � h̄7β 4
k0

4
4

� (37)

In a nonrelativistic approximation,the energy terms ex-
pandedgive:

m0c2 �
1 � β2 2 2� � h̄ω0 2 2

�
1 � β2 2 2�+� (38)

or

E &v � m0
v2

2
� h̄ωv � (39)

where

ωv
� β2ω0 2 4 � (40)

sothat 7kv
� ωv

v
� βk0

4
� (41)

is in agreementwith Eq. (37) when γ � 1. Eqs. (39) and
(41) arerecognizedastheclassical“de Broglie relations,” so
Eqs.(36) and(37) canbeidentifiedastheir relativistic gener-
alizations.

Physically, theimplicationis thatto anobserver in a frame
translatingwith respectto the rest frame of a particle with
charge structure,the averageor effective propertiesof the
backgroundelectromagneticsignalswith which the particle
is in equilibriumcanbecharacterizedasa wave describedby
thewell known deBroglie relations.It is this factwhichgives
imaginablecontentto thebasicconceptof deBroglie’stheory
of the doublesolutionandwhich is in completeaccordwith
notionsfamiliar from classicalphysics. Furthermore,since
this “averagewave,” as it were, is in fact the composition
of classicalelectromagneticwaves, its responseto obstacles
in the environmentis governedby the principlesof electro-
magnetism.As anillustration,let usconsiderthepedagogical
paragon,a particle beampassingthroughdoubleslits. The
resultsof this experimentcanbeunderstoodasfollows: The
particlestuneto anaverageeffectivesignalwhichin theframe
of the slits’ screenis describedby a wave impinging on the
screenwhosewave vectoris the“de Broglie wave vector” of
the particles. The effect of the slits on this wave is, accord-
ing to theprinciplesof wave theory, to establisha diffraction
patternon thebacksideof thescreen.Thisdiffractionpattern
representsspacialvariationof theenergy of thesignalsin the
backgroundtowhichtheparticleis tuned,apatternwhichgive
riseto spatialgradientsof energy; i.e.,of forces,whichtendto
coaxtheparticleinto thetroughsin thepattern,muchasdust
settleson thenodesof avibratingdrumhead.2 Theresolution
of thephilosophicaldilemmaposedby Einstein,Schr̈odinger

2 After-the-factnote: In factparticlesride antinodesof deBroglie waves,a
refinementaccommodatedin this paradigmby the authorfirst in the late
1990’s.
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andothers,is anequallystraightforwardapplicationof theun-
derstanding@ affordedby thisviewpoint.

Consider, for example,the paradoxfirst proposedby Ein-
stein. If a freeparticleimpingesperpendicularlyon a screen
puncturedby a infinitesimally small hole, then,accordingto
the principlesof QuantumTheory, the wave function of the
particlebeamshouldemerge from the hole having beenre-
fracted into a sphericalwave. Furthermore,if a perfectly
sphericaldetectoris centeredon thehole,thenan instantbe-
foretheparticleimpactsthedetectorthewavefunctionfor the
particlewill be finite over the entiresurfaceof the detector.
However, immediatelyupon impact the wave function must
collapseto a zerovalueeverywhereexceptat the preciselo-
cationof theimpact.This collapsemustoccurfasterthanthe
speedof light, which implies that the wave function cannot
be regardedasa physicalentity; but on the otherhand,the
wave mustalsomediatein therefraction,andmust,therefore
bephysical.

Theresolutionof this paradoxaffordedby thebackground
conceptis directandsimple.Theparticlesof anensembleare
deflectedin passingthroughtheholeby theagency of thefluc-
tuatingbackgroundso that the informationalcharacterof the
wave function is freedof the preternaturaltaskto reflectthe
essentiallystatisticalnatureof the fluctuationsasthey affect
thesamplepathsof theensemble.

3. Point Particles Exhibit the Mass Renormalization Divergence of
Quantum Theory

Theargumentpresentedaboveappearsto beinadequatefor
theunderstandingof point chargesbecausethey have no pre-
ferredmodeof interactionwith electromagneticfields. This
inadequacy is asmuchapparentas real. It is only apparent
in the following sense. Point particlesmay be regardedas
chargestructureswhichinteractwith electromagneticfieldsin
amultiplicity of of modes,in thiscaseeverymode.Therefore,
Eq. (32)maybewritten:

m0c2 � 1
2
h̄
� ∞

0
ω f

�
ω � dω � (42)

where f
�
ω � is an admittancefunction suchthat the integra-

tion over all modesgivesa convergentresultwhich servesas
an equivalentωe. Following from the fact that all equations
regardingde Broglie relationsare linear in ω, it is permiss-
ableto replaceω0 with ωe everywhere. In otherwords, the
linearity of the de Broglie expressionsimplies that multiple
interactionwith the backgroundwill not leadto differentre-
sultsor conclusions.

The inadequacy is real, however, in that the admittance
function, f

�
ω � hasno rationalizationwithin the context of

theseconsiderations.This fault is, however, faithful to quan-
tumtheorywherepreciselythisproblemarisesin massrenor-
malizationcalculationsand is resolved only throughthe ad
hoc imposition of cut-offs. (Harris, 1972) With regard to
this difficulty, this authorfinds two possibleresolutionssug-
gestedby the conceptof backgroundradiation. One,the ra-
diation reactionto accelerationscausedby interactionswith

the backgroundmay lead to a suitableacceptancefunction,
f
�
ω � . Two, thebackgroundmaybeLorentzinvariantonly to

first order, while in fact beingconvergent. In any case,any
meanswhatsoever thatwould leadto an acceptancefunction
is adequatefor theconclusionsobtainedregardingduality.

4. Spin: A Manifestation of Background Polarization

A fundamentalaspectof electromagneticradiation is its
two statecharactermanifestedas polarizationphenomena.
Sincethe backgroundsignalswith which a chargedparticle
are in equilibrium areelectromagnetic,the consequencesof
polarizationmustbeincludedin thefundamentalAnsatzem-
ployedabove. This canbemosteffectively accomplishedby
elaboratingtheAnsatzwith thestipulationthatthehelicity of
the particleandthe ‘effective’ de Broglie wave be the same.
Symbolically, in termsof four-vectors:A

σ 
 7p � Πγm0c2 B � h̄
A
σ 
 7βγ

4
k0

4 2 4 � Πγω0 2 2B � (43)

whereσ in this equationrepresentsa Pauli spinvectorandΠ
is the2 0 2 identity matrix,which in this context, arenothing
morethantheformalisticdevicesthroughwhichthetwo states
of polarizationaretaken into account.The “contenuimaǵe”
of this stipulationis the following: a point chargedparticle
cantuneto eitherof two waves,which maybe thoughtof as
clock- or counter-clock-wisepolarizedin an arbitraryframe.
To anobserver in this arbitraryframe,theparticlewill appear
to be driven in eitherright or left handhelical motion of the
samesenseastheeffectivedeBrogliewaveto whichtheparti-
cle is tuned.Of course,thisnaiveimageryis overstatedandin
factunnecessary. A morerealisticimagewould bethatof an
ensembleof identicalparticlesin interactionwith a randomly
polarizedsignalof the backgroundwhosestatisticalproper-
ties(expectations)areidenticalto theidealsituationin which
particleexecuteperfecthelicalmotion. In any case,spinis in
evidenceonly in thepresenceof a magneticfield.

This modelof electronspin is by no meansuniqueto this
author. Smit (1959)in his bookon ferritesusesthemodelto
comprehendcertainphenomenain thesemetals.By employ-
ing a novel formulationof tensoranalysis,called“space-time
algebra,” Hestenes(1973) hasshown that what is herepre-
sentedasanhypothesis,is in fact,a consistentinterpretation
for theDirac equation.In effect, Hestenesreversedthe logic
of argumentsusedherein,asthe Dirac equationshall be ex-
tractedbelow.

5. Additional Fields Introduce the Canonical Momenta

Thusfar in theseconsiderationsit hasbeentacitly assumed
that theonly field with which theparticleis interactingis the
fluctuatingelectromagneticbackground. In the presenceof
additionalfields the fundamentalAnsatzmust be alteredto
includetheenergy of thesefieldsasfollows:

m0c2 � 1
2
h̄ω � eΦ � (44)
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wheree is the chargeof the particleso thateΦ is the energy
of interactionC with theadditionalfield. If theextra term,eΦ,
is movedto theleft sideof Eq.(44),andthetransformationto
a translatingframeis carriedout, thefollowing expressionis
obtained:A 7P � Π �

γm0c2 � eΦ � B � h̄γβ
4
k0

4 2 4 � Πh̄γω0 2 2 � (45)

where 7P is canonicalmomentum:7P � mv � e
m

A � (46)

In thecontext of thepresentconsiderationsthis conclusion
playsnovital role;however, it will befoundusefulin Subsec-
tion D in which thecanonicalmomentais fundamental.

6. Fermions are Charges in Equilibrium with A Polarized Background

There appearsto be no limit to the imaginary construc-
tion thatresultfrom compoundingconsiderationsof theabove
sort. For example, the Pauli ExclusionPrinciple might be
renderedasthestatementthat two point chargesin proximity
will tendto equilibratewith oppositelypolarizedbackground
waves,aseachparticlebeingdriven in circular motion is an
effective magneticdipoleandmagneticdipolesenergetically
preferto antialign.As asecondexample,amassiveBosoncan
be thoughof asa boundcombinationof fermion which asa
unit equilibratewith thebackgroundscalarwavecomposedof
thesumof two polarizedbackgroundwaves.Otherexamples
canalsobefound.

D. The Imaginab le Content of the Schröding er Equation

In thepreceedingSubsectionit wasshown thattheparticu-
lar natureof thebackgroundwith a Lorentzinvariantspectral
densityengendersto first orderastatisticaleffectwhichgives
the appearanceto a particle of having a “de Broglie wave”
attachedto it. In this Subsection,this conceptis exploited
further by decomposingthe density for Gibbsianensemble
in termsof Fourier components,eachof which is sucha de
Broglie wave.

1. Schrödinger’s Equation: Liouville Equation plus Background

It was shown in SubsectionC that the backgroundleads
to an effect which causesparticlesto behave as if they had
de Broglie wavesattachedto them. Thereit wasshown that
thiswave,with wavevectork, is associatedwith theparticle’s
momentump by:

2
p
h̄

� k � (47)

This allows for the Fourier decompositionof a Gibbsianen-
sembledensityρ

�
x � t � asfollows:

ρ̂
�
x � x& � � �

e
i2p � x'

h̄ ρ
�
x � p� dp � (48)

In like fashion, transforming the Liouville equation for
ρ
�
x � p� , yields:

∂ρ̂
∂t

� � h̄
i2m � � ∂2

∂r∂r & � ρ̂ � i
h̄

�
x&D��
 F �

x� ρ̂ � (49)

To separatevariables,this equationcanbetranformedwith:

r � x � x& ; r & � x � x& � (50)

to give:

∂ρ̂
∂t

�E� h̄
i2m � � ∂2

∂r2 � ∂2�
∂r & � 2 � ρ̂ � i

h̄

�
r � r & ��
 F � r � r &

2 � ρ̂ �
(51)

This equation,however, is still not separablebecauseof the

form of thetermF < r : r '
2 = . Nevertheless,we notethatall cal-

culationsof expectationvaluesanddensitieson configuration
ormomentumspacerequirethesolutiontoEq.(51)only along
theline definedby r � r & . Thefollowing exampleprovesthis
assertionfor expectationsof configurationvariables,theoth-
ersareshown in anappendix.Considerthecalculationfor the
expectation, x - :,

x - � �F�
dpdxxρ

�
x � p�+� (52)

which,with Eq.(48),becomes:, x - � �����
dxdx& dpxe " i2p � x'

h̄ ρ̂
�
x � x&G��� (53)

with thechangeof variable,Eq. (50), thisbecomes:,
x - � ���

drdr & δ �
r � r &D� � r � r &

2 � ρ̂
�
r � r &D� � (54)

Theappearanceof theDiracdeltafunction,δ
�
r � r & ��� demon-

stratesthatpoint thatthesolutionis neededonly alongtheline
definedby r � r & .

The following argumentsarenow employed to obtain the
solutionalong the line r � r & . Noting that Eq. (51) hasthe
appearanceof aseparableequationwhenr � r & , write

ρ̂
�
r � r &G� � Ψ � � r &G� Ψ �

r � � (55)

PuttingEq.(55) into Eq.(51)yields,with thesamemanipula-
tionsusedto separatevariables,theequation:

∂Ψ
∂t

� � h̄
i2m � ∂2Ψ

∂r2 � � i
h̄ � r 
 F � r � r &

2 � Ψ
�
r � � C

�
r � r & � Ψ �

(56)
and its complex conjugate,whereC

�
r � r & � plays the role of

what could be called a “function of separation.” This pro-
cedureis, of course,a non rigorous contrivance; however,
it is proved in an appendixthe Subsectionthat a solutionof
Eq. (56) with r setequalto r & leadsto a densityρ̂

�
r � r & � which

is a solutionof Eq. (51) on the line definedby r � r & ; further
more,configurationexpectationscalculatedwith Ψ � � r & � Ψ �

r �
are identical to those calculatedwith the full solution to
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Eq. (51) on the entirer � r & planeas ,
p1 - , if the function

C
�
r � is chosento satisfy

d
,

p -
dt

� � , ∇V
�
x�H-/� (57)

whereV
�
x� is thepotentialenergy functionwhich leadsto the

forceF
�
x� , andtheexpectationvaluesarecomputedasabove.

DemandingthatC
�
r � bechosensuchthatEq. (57) is valid,

is not the impositionof a new stipulation,but thereintroduc-
tion of informationlost via theseparationtechnique.Eq. (57)
is trivially valid whenever the densitiesusedto computethe
expectationvaluesof quantitiesappearingin Eq. (57) satisfy
the Liouville equation. Therefore,demandingthat C

�
r � be

chosensothatEq. (57) holds,is a meanswherebyof all den-
sitiesof theform of Eq.(55)whichcoincidewith solutionsof
Eq. (51)on theline r � r & , thosewhich alsoyield expectation
valuesof momentumidenticalto thosecomputedwith theso-
lutions to Eq. (51), arechosen.Note that if C

�
r � r & � depends

on Ψ , sodoesV, consistentwith presentpractice.
Now, by calculationsparallel to thoseused in proof of

Ehernfest’s theorem,Eq. (57)andbeshown to imply that�
drΨ � � r � A r 
 ∇F � ∇CB Ψ �

r � � 0 � (58)

With assistanceof a vectoridentity,
A 
 B becomes:A

r 
 ∇F � ∇CB � ∇
A
r 
 F � CB � F � (59)

or

r 
 F � C � � V � (60)

Sothatfinally, Eq. (56)becomestheSchr̈odingerequation:

ih̄
∂Ψ
∂t

� � h̄2

2m
∇2Ψ � vΨ � (61)

Thequestionis, justwhathasthisprocedureachieved?The
answeris, that two equationshave beenfound,(Eq. (61) and
its conjugate),for which the productof the solutionssatisfy
the non separableEq. (56) on a restricteddomain(r � r & � �
By furtherdemandingthat theseparableform Ψ � Ψ yield the
sameresult as ρ̂

�
r � r & � in Eq. (57), effectively the Ψ are so

constrainedsoasto beidenticalwith ρ̂
�
r � r & � ontheline r � r & ;

so that first power expectationvaluescalculatedeither way
areidentical. Thusseparableequationshave beenfound, for
whichtheproductsof theirsolutionproductsareidenticalwith
thesolutionto anonseparable(Liouville) equationontheline
r � r & . By goodfortune,theseparablesolutionsatisfiesmost
everycalculationalneed.

Others,e.g.,Surdin (1971),haveusedessentiallythesame
argumentwith differentmotivationandanalysis;however, the
more revealingapproachpresentedhereresolves certainis-
suesdiscussedbelow.

2. Wave Decompositions Give Unique Operator Equivalents for
Classical Expressions

Classicalquantizationrulesgive an algorithmto construct
equivalentsfor classicalexpressionswhich are not unique.

(Shewell, 1959) This ambiguity may be regardedas symp-
tomatic of a defect in the quantumformalism. It is herein
shown that the procedureemployed in this work of expand-
ing classicalexpressionsin termsof deBroglie Fourierwave
components,yield uniqueoperatorequivalents.Considerthe
following example:,

xp - � ���
dxdpxpρ

�
x � p� � (62)

With Eqs.(54) and(56), andretainingthe orderof x and p,
this is,

xp - � �F�%�
dppdrdr & � r � r &

2 � e
i p � � r " r ')�

h̄ Ψ I �
r &J� Ψ �

r ���
(63)

which,afterintegrationby parts,yields:,
xp - � �

drΨ � � r � � r � h̄
i
∇ � Ψ

�
r ��� h̄

2
� (64)

Similarmanipulationswith expressionsof theform , xmpn -
also give unambiguousresults, in contrastto the orthodox
quantizationrules. In canalsobe verified that the usualad
hocprocedurefor building ‘Hermitian’ operator, for example
for the Lorentz force law, (Schiff, 1968,p. 178), is herean
automaticconsequenceof theprocedure.

3. Decomposition: Resolution of Interpretational Issues

The inverseof this procedurewasdevelopedby Wigner in
1932,whenheintroducedwhatis nowadayscalledtheWigner
distribution function:

ρw
�
x � p� � �

dx& ei2p � x'
h̄ Ψ � � x � x& � Ψ �

x � x& �+� (65)

and extracted from the Schr̈odinger equationan equation
which is theLiouville equationwith spuriousterms:

∂ρ
∂t

� � p 
 ∇ρ
m

� ∑
j K k �

h̄ 2 2i � j : 1

j!
∂iV

�
x��

∂xk � j

∂iρ�
∂pk � j ; j � 1 � 2 � ���L�

(66)
Thequestionnow is, why hasEq.(65),which is nomorethan
the inverseof the transformationsEq. (54) and(56), not re-
sultedin Liouville’ s equationwithout the extra terms? The
answerlies in the structureof Eq. (64), which would require
the functionsΨ

�
r � to be rigorouslycorrecteven off the line

definedby r � r & � where(now) we know, in fact,that they do
not satisfyEq. (57). Note,however, thatwhenV(x) is of the
form:

V
�
x� � a � bx � cx2 � (67)

Eq. (57) is separableand the solutionsΨ
�
r � to Eq. (61) are

rigorously valid over the entire r � r & plane; in thosecir-
cumstancesa classicallymeaningfulphasespacedistribution
(Wigner densityfunction) canbe computed.As Wigner has
pointedout,thediscrepancy in thegeneralcaseoffersthepos-
sibility, in principle, of distinguishingbetweenthe orthodox
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andany otherinterpretationmoredirectly relatedto probabil-
ity theory

�
.

Wigneralsohasshown, thatEq. (65) leadsto densitieson
phasespacewhicharenoteverywherepositivewhenthefunc-
tion Ψ

�
r � is an eigenfunctionof the Schr̈odingerequation,

Eq.(61); for example,whenΨ
�
x� is theso-calledfirst excited

stateof theharmonicoscillator:

ρ
�
x � p� � �

e: x2 9 i2p M x ' : x' 2 �
x2 � x& 2 � dx& � (68)�ON πe: x2 �

x2 � 1 2 2� � (69)

The observation that ρ
�
x � p� is not positive definite was

thought(by Wigner)to precludethepossibilityof interpreting
ρw

�
x � p� asa densityor probability. However, this argument

implicitly assumesthateigenfunctionsof Eq. (61), or energy
eigenstates,have objective reality; that is, thata physicssys-
temcan‘exist’ in apureenergy eigenstateasopposedto mix-
tureof eigenstates.Thisimplicit assumptionis clearlynotger-
maneto thepresentinterpretation,asonly thosestates,mixed
or pure, which do give acceptableWigner densitiesare re-
gardedasphysicallymeaningful;in otherwords: satisfy the
initial andboundaryconditions.Others,e.g.,Marshall(1963)
andLand́e(1965a),havealsocometo thesameconclusion.It
is interestingthatthermalstates(i.e.,mixedstateswith Boltz-
mannweightingfactors)andcoherentstatessatisfythis crite-
rion. (Meijer, 1966)

Appendix to Subsection D

Claim: If Ψ
�
r � satisfies:P ∂

∂t
� h̄

i2m
∇2 � i

h̄
rF

�
r �Q� C

�
r �SR Ψ

�
r ��� PQT R Ψ

�
r � � 0 � (70)

andΨ � � r � its complex conjugate,then

ρ̂
�
r � r & � � Ψ � � r & � Ψ �

r ��� (71)

satisfies,whenr � r & :P ∂
∂t

� h̄
i2m



∇2 � ∇ & 2 � � i

h̄

�
r � r & � F � r � r &

2
�SR ρ̂

�
r � r & � � 0 �

(72)
Proof: Put Eq. (71) into (72), add zero in the form

�
C �

C � Ψ � Ψ � rearrangeto get:

Ψ � PUT R Ψ � Ψ
PQT & R Ψ I�� (73)

let r � r & , andtheconclusionfollows.

Claim: Thecomputationof expectationvaluesof ,
pn - re-

quirethesolutionto Eq. (51)only on theline r � r & .
Proof: ,

p - � ���
dpdxpρ

�
x � p�+� (74)

Whichwith Eq. (48)and(50),becomes:,
p - � �����

dxdx& dppe " 2p � x'
h̄ ρ̂

�
x � x&G�+� (75)

andwith Liebnitz’s rule,becomes:,
p - � �%�

drdr & δ �
r � r & � � h̄� 2i � � ∂

∂r � ∂
∂r & � ρ̂

�
r � r & � �

(76)
Theappearanceof theDiracdeltafunction,provesthepoint.

Claim: ρ
�
r � , the configurationspacedensitycomputedfrom

ρ
�
x � p� is uniquelydeterminedby Ψ

�
r � on ther � r & .

Proof: By definition

ρ
�
x� � �

dpρ
�
x � p�+� (77)

whichwith Eq. (51),becomes:

ρ
�
x� � ���

dpdx& e " i px'
h̄ ρ

�
x � x&V�+� (78)

changingvariableswith Eqs.(53)

ρ
�
r � � 1

2

�
drδ

�
r � r &V� Ψ � � r &G� Ψ �

r �� 1
2

dr & � dr & δ �
r & � r � Ψ � � r & � Ψ �

r �+� (79)

which is

ρ
�
r � � Ψ � � r � Ψ �

r �+� (80)

uponaccountingfor therelativeorientationof ther � 0 , r & � 0
andx � 0 linesandintegrations.

II. RELATIVISTIC MECHANICS

In SectionI, QuantumTheorywasstudiedanda quantiza-
tion procedurefoundwhich doesnot ascribeaparticlarstatus
to ‘time’ asan independentvariablein the theory. This pro-
cedureconsistsof decomposingLiouville’ sequationin terms
of Fourier components,eachof which is a de Broglie wave,
andthento find asolutiononarestricteddomain.In thisSec-
tion aformulationfor theapplicationof thisprocedurewill be
presented.However, beforediscussingrelativistic mechanics
in SubsectionB, theoremswidely thoughtto be fatal regard-
ing theformulationof relativistic canonicalmechanicswill be
analyzed.

A. No-interaction Theorems

1. The Role of ‘Time’ in No-interaction Theorems

Herethefirst point is to show thatno-interactiontheorems
all result from efforts to give ‘time’ the samespecialstatus
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that it hasin non-relativistic quantummechanics.Thesethe-
oremsW have received much attention,as they are thoughtto
completelyprecludethepossibilityof formulatingof acanon-
ical, i.e., Hamiltonian,formulationof relativistic mechanics
with interaction. (Leutwyler,1965)Thus,althougha logical
refutationwould be achieved by displayinga counterexam-
ple, thesetheoremsareanalyzedheredeeperto reveal their
truebearingontheissueandto forestallmisapprehensionsre-
gardingtheir impact.

There are two distinct types of no-interactiontheorems.
The first type was proffered by Currie, Jordanand Sudar-
shan(1963) (hereafterCJS),which can be characterizedby
theinvariancerequirementin its hypothesis,Thesecondtype,
proposedby Droz-Vincent(1972),is characterizedby theas-
sumptionthat the mechanicsof an N-particle systemis de-
scribedby an N-parametergroup structure. The tactic here
will beto show how theresultsof thesetheoremsis obtained
adding stipulationsto mechanicsas formulated by Cartan
(1922); seealso: Abraham(1967)andSlebodzinski(1970),
for notationandvocabulary.

Let MN be the direct productof the Minkowski spacesof
eachof N particlesof a system. Let ωN be the differential
action-formof thesystem:

ωN
� N

∑
nX 1

pn
µdxµ

n �ZY dτ � (81)

wherexµ
n is thecanonical4-positionof then-th particle,pn

µ its
canonicalmomentum,Y the total energy of the system(the
Hamiltonian)andτ thevariableconjugateto theHamiltonian,
andthereforetheparameterof thegeneratorfor thedynamics.
Now defineavectorfield, D, on the8N � 1 dimensionalspace
MN � 1 asfollows:

D � V1
1

∂
∂x1

1

� ���L� � V4
N

∂
∂xN

4

� F1
1

∂
∂p1

1

� ���L� � F1
N

∂
∂pN

4

� ∂
∂τ

�
(82)

Then,Cartan’s principle requiresthat the interior productof
the vectorfield D, with the exterior derivative of the action
form ωN, bezero,to wit:

i
�
D � dwN

� 0 � (83)

Eq. (83) thenspecifiesthefunctionsVµ
n andFn

µ suchthatthey
will satisfy Hamilton’s Principle and such that the integral
curvesof D projectedon MN arethe world lines of the par-
ticles.Furtherrecallthat

i
�
VA � d �

ωMN � � dA � (84)

where

ωMN
� ∑pn

µdxµ
n � (85)

definesan isomorphismbetweenthe vectorfields VA and
the functionsA. Also recall that, the Minkowski structureof
eachspace-timemanifoldMn requiresthatthebasiselements
of thetangentspaceto eachMn, whenviewedasgeneratorsof
translations,satisfythePoincaŕe grouprelationshipstogether
with Lorentztransformationswith respectto theLie bracket.

2. The Special Role of Time in CJS Theorems

In thecontext of Cartan’s formulationof mechanics,a CJS
theorem’s hypothesiscontainsthe following stipulations: a)
the canonicalmomentaare to be identified with generators
of spacetranslationsandthereforesatisfythePoincaŕe group
relations,andb) the Hamiltonianspecifiesthe dynamicsvia
thebracket relationsA

xn � VH
B � Vn;

A
pn � VH

B � Fn � (86)

wherexn andpn arecanonicalvariablesandVH is obtained
with Eq. (84), andfinally, in distinctionfrom Cartan,c) that
VH canbe identifiedwith the generatorsof time translations;
i.e., that

∂
∂τ

� VH
� a1 ∂

∂x4
1

� �L��� � aN ∂
∂x4

N

� (87)

Now, by puttingEq.(87) into Eq. (82)andapplyingEq.(84),
onefinds

Fµ
n

� 0; Vµ
n

� � an � (88)

Obviously, ascondition“c” is uniqueto a CJStypetheorem,
it is thesourceof theno-interactionresult.

From the extensive commentaryin presentationsof CJS
theorems,it canbeinferredthatthejustificationfor condition
‘c’ is theneedto have thedynamicsspecifiedby a canonical
transformation.However, while a sufficient conditionfor the
generatorof thedynamicsVH tobecanonicalwouldbefor it to
becontainedin thePoincaŕegroup,it is notanecessarycondi-
tion. It is necessaryonly that thegeneratorpreserve thesym-
plecticstructure;i.e.,preservetheform of ωN. Thus,thismo-
tivation for condition‘c,’ mustbe incorrect. In facta deeper
motive for conditions‘c’ is the hopeof constructiona varia-
tion of relativistic mechanicswhichwouldbeamenableto the
classicalquantizationprocedures.Sincetheseprocedures,in
factall of relativistic quantummechanicsaspresentlyformu-
lated,give timea statusdifferentfrom thatof space,relativis-
tic mechanicsdefiesdirect quantization. Therefore,various
authorshave tried to reformulatemechanicsusingLie groups
whosebracketscanbe“translated”into operatorcommutators
with the appropriateinsertionsof ih̄, andso forth. However,
whentheLie bracketsarerequiredto havethePoincaŕegroup
structureconstantsto make the theoryrelativistic, andwhen
theHamiltonianvectorfieldVH is identifiedwith thetimedis-
placementoperatorto give time the role is has in quantum
theory, a CJStheoremfollows.

Recently, it hasbeenshown that the conclusionof a CJS
no-interactiontheoremcan be escapedby relinquishingthe
requirementthatthepositionvariablesbecanonical.(Kerner,
1965) This is tantamountto not requiring that the Poisson
bracketsof thesevariablesbeequalto zero;i.e.,A

xi � x j B �� 0 � (89)

while retainingit for themomentumvariables:A
pi � p j B � 0 � (90)
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This hasthe undesirableconsequenceof entailinga compli-
cated[ non-Minkowski metricon physicalspace,while retain-
ing a Minkowski metric on momentumspace,the difference
beingmadeup by thevectorpotential. Of course,onecould
go the other way around,retaininga Minkowski metric on
physicalspacebut no momentumspace;in eithercasethere-
sultingbracket relationsdefy quantization.Thus,oneis lead
into a cul-de-sac;a relativistic mechanicsinvolving quantiz-
ablecanonicalvariablescannotbeformulatedwithouttreating
time andspaceequivalently;andon theotherhand,a single-
time formulationof mechanicscannotaccommodatequantiz-
ablecanonicalvariables.

3. The Droz-Vincent No-interaction theorem: An exploration

The Droz-Vincent (DV) no-interactiontheoremis essen-
tially anexploratorystudyin responseto thechallengeposed
by CJStheorems;however, it too yieldstheno-goresult.The
fundamentalassumptionof aDV theoremis thatthedynamics
areto bedescribedby anN-parametergroupstructure.In the
fashionof Cartan,this is tantamountto the definition of the
vectorfield D, Eq. (82)as:

D � V1
1

∂
∂x1

1

� �L��� � FN
4

∂
∂pN

4

� ∂
∂τ1 � �L��� � ∂

∂τN � (91)

andωN as:

ωN
� ∑ pn

µdxµ
n �\Y dτ1 � ���L� �ZY dτN � (92)

After somemildly tediouscalculationfollowing from appli-
cationof Eq.(83), it follows thatP Y i � Y j R]� 0 �
wherethebracketsarethoseof Poisson.Theindependenceof
theworld line follows from theindependenceof theHamilto-
nians.

In short,thesetheoremsdo not precludetheexistenceof a
canonicalformulationsof relativistic mechanics.What they
do precludeis a canonicalformulationwhich exaltstime to a
statusdifferentfrom thanof space.If canonicalformulations
with interactionof mechanicsexist, they mustremaintrue to
the spirit of specialrelativity by keepingtime and spacein
equivalentroles.

B. Relativistic Action-at-a-distance Mechanics

Field theoriessuffer thefollowing inadequacy whichmight
leadoneto consideranaction-at-a-distance(AD) formulation
as being more fundamental. To quoteRohrlich (1965), “...
a consistentaction integral for an electromagneticn-particle
system(n - 1) requiresthe introduction of direct interac-
tion betweencharges,not mediatedby a field.” In additions,
AD mechanicsavoidsaltogethertheself-energy divergencies
which plaguefield theories. However, the presentform of

relativistic AD mechanics,dueessentiallyto Fokker (1929),3

leadsto mathematically“poorly posed,” (i.e., non integrable)
equationsof motion,becauseit incorporatesadvancedaswell
asretardedinteractionbetweenparticles.WheelerandFeyn-
man(1945/49),have arguedthat this repulsive feature,tanta-
mount to predeterminism,doesnot violate our phenomeno-
logical understandingof causality. They arguethat theinclu-
sionof thewholeuniversesomehow cancelstheadvancedpart
to within observable limits; however, the equationsremain
nonintegrable. It is thepoint of this Subsectionto proposea
changein Fokker’s formulationof relativistic AD mechanics
sothatit doesleadto well-posedequationsof motionwithout
sacrificingany of theaestheticor mathematicalcriteriawhich
Fokkerdemandedof a fundamentalprinciple.

1. Fokker’s Unified Lagrangian

Fokker, the principle originator of covariant mechanics,
soughtto generalizeNewtonian mechanicsto be consistent
with a finite propagationspeedof interactionby seekinga
Lorentz invariant action integral for which variation would
leadto n coupledequationsof motion for an n particlesys-
tem. He also demanded.largely on aestheticgrounds,that
a fundamentalactionprinciplefor interactingparticlerequire
thevariationof asingleintegral,ratherthanaseparateintegral
for eachparticlein thesystem.Thesecriteriaaremetby the
following Lagrangianproposedby Fokker:^ � N

∑
i

^
i
� N

∑
i

� � mic
�
xi 
 xi � 1_ 2

� ei ∑
j `X i

ej

� 9 ∞: ∞
xi 
 xjδ


 �
xi

�
λi � � x j

�
λ j ��� 2 � dλ j

� (93)

asa resultof thevariation:

δ
�

∑ ^
i dλi

� 0 � (94)

Here, all vectors x, are Minkowski four-vectors, ẋ �
dx 2 dλi � where λi is each particle’s proper-time, and
δ


 �
xi

�
λi � � x j

�
λ j �L� 2 � is theDirac deltafunction(all conven-

tionsherearein accordwith (HanusandJanyszek,1971),ex-
cepttheexplicit form of Eq.(93)).

A carefulinspectionof Eq. (93) revealsthat two contribu-
tionsoccurfor eachtime thefollowing is true:4

xi
�
λi � � xj

�
λ j � 4 � 0 � (95)

In otherwords,eachinteractionis madeto servedoubleduty,
onceasa retardedinteraction,i on j say, andonceasan ad-
vancedinteractionj on i. In thiswayFokkerwasableto com-
bine the separatevariationalintegralsof eachparticleto ob-
tain a singleintegral for thesystem.By way of contrast,the

3 Subsequentstudy revealedthat Karl Schwartzschildand Walter Ritz are
more deservingof credit as the originators. Fokker supportedadvanced
interaction,however.
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Lagrangian^ � N

∑
i

^
i
� N

∑
i

� � mic
�
xi 
 xi � 1_ 2

� ei ∑
j `X i

ej

� λi j: ∞
xi 
 xjδ


 �
xi

�
λi � � x j

�
λ j ��� 2 � dλ j

� � (96)

whereλi j is thatvalueof λ j which includesonly theretarded
interaction,doesnot leadto advancedinteraction. However,
Eq. (96) fails to be a single integral becauseeachinteraction
mustbe written twice, oncewith λi j , andoncewith λ j i , and
may, therefore,bewritten asa separateintegral for eachpar-
ticle. Thus,Fokker foundhimselfchoosingbetweena single
integral with advanceinteraction,andseparateintegralswith
advancedinteraction.

2. A Unified Lagrangian without Mathematical Lacunae

Escapefrom this cul-de-saccanbehadwith following sin-
gleparameterLagrangian^ � N

∑
i

^
i
� N

∑
i

� � mic
�
xi 
 xi � 1_ 2

� 2ei ∑
j `X i

ej

� τ: ∞
xi 
 xjδ


 �
xi

�
τ � � x j

�
τ & �L� 2 � dτ & � (97)

Thevariation

δ
� ^

dτ � 0 � (98)

then,yieldsn coupledequationsof motion

mi ẍ
µ
i
� ei

c ∑
j `X i

�
Fret# � µν

j

�
ẋi

�
τ ��� ν

� i � 1 � ����� � N � (99)

if thescaleof τ is adjustedto satisfy

ẋi 
 ẋi
� c2; i � 1 � ���L� � N � (100)

This condition is necessaryin order to obtain Eq. (99) in a
simplerform, andto completelyconformwith SpecialRela-
tivity by forcingvelocityvectorsto benormalizedto c.4

Eq. (99) differs from those derived from Fokker’s La-
grangian,namelyEq. (93) and thosefrom the Lagrangian,
Eq. (96)

mi ẍ
µ
i
�
λi � � ei

c ∑
j `X i

�
Fret# � µν

j

�
ẋi

�
λi � ν

� i � 1 � ����� � N � (101)

in thatEqs.(99) have a singleindependentvariableτ, andin-
volve only retardedinteraction. Furthermorethey enjoy the

4 After-the-factnote: This condition,assuch,is unnecessaryas it is auto-
maticallyfulfilled by definition.

quality of meetingFokker’s aestheticcriterion of being de-
rivedfrom a singlevariationalprinciple. In fact, theunifica-
tion achievedby LagrangianEq. (97) is of a deepersort than
achievedby Fokker’sLagrangianin thatit resultsfrom theuse
of asingleindependentparameter, ratherthanthetechnicality
of beingunableto write the Lagrangianasthe sumof single
Lagrangians.Eqs.(99)alsoenjoy thepropertyof beingmath-
ematicallywell-posedsincethey arecoupledoneto another
by retardedinteractionin a singleparameterstructureof an
intrinsic, ratherthanad hocnature.

Wheeler and Feynman (1945/49) have given extensive
philosophicalapologeticsfor theinclusionof advancedinter-
action; however, Eqs. (93) are neverthelesspoorly-posedin
thesensethatsolutionscannotbe foundby local integration,
even if they exist. This becomesobvious if one imaginesa
machineintegrationof the i-th equationfor a given valueof
λi . Suchan integration; i.e., a calculationof an extentionof
the orbit for an incrementalincreasein λi , requiresinforma-
tion from the j-th orbit on the forward light-coneof the i-th
particle,but this portionof theorbit is yet to computed,etc.,
ad infinitum. In effect, oneneedsthe solutionsto the equa-
tions asinitial datain orderto computesolutions! Although
the equationsresultingfrom LagrangianEq. (96) canbe in-
tegrated,that canalsobe faultedsinceeachequationhasits
own parameterλi . In a machinecalculation,λi would be an
incrementationparameter, andcarewouldhave to betakento
insurethatall suchincrementationparametersadvancedsuch
that theseparateequationsremaincompatible.Clearlya sin-
gle parameterformulation,would bemoreefficient in this re-
spect.Moreover, thesortof equationsresultingfrom Eq.(97)
have beenstudiedin anothercontext by Driver (1963),who
hasshown that in the onedimensionalcaseuniquesolutions
exist givena compactsetof initial data.

Theroleof thesingleparameterτ, in thelight of thehistory
of SpecialRelativity, is somewhat unclear. It can be taken
thatτ hasno physicalsignificance,but is simply an‘unravel-
ing’ parameterof theworld linesof thesystemparticles;i.e.,
its role is purelymathematical.The geometricstructureof a
singleparameterformulationof mechanics,irrespectiveof the
natureof themetric,hasbeenstudiedby Cartan,who clearly
shows thatτ is theindependentparameterin thegeneratorof
the dynamicalgroupon the 4 0 n dimensionalconfiguration
manifold. It is a factof nosmallimport for thefoundationsof
mechanics,that only a singleparameterLagrangianis com-
patible with Cartan’s Principle, in that Cartan’s analysisis
rigorousglobal mathematics.Thus,τ hasindisputablemath-
ematicalimportance,whatever physicalsensewith regardto
theexperienceof time it might alsobegiven.

In short,two objectiveshave beenachievedby thesecon-
siderations,one, interpretational,one,strictly mathematical.
The first is a demonstrationthat a formalism of relativistic
action-at-a-distancemechanicsnotincorporatingadvancedin-
teractionis possible. Additionally, it hasbeenshown here
that thereis a formulationfreeof themathematicaldefectof
yielding poorly-posedequationsof motion, makingit a con-
sistentandnaturalextentionof Newtonianmechanicssuitable
for quantization.
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C. Interpretational and Self-consistenc y Issues

Thereare,atleast,two obstaclesto themore-or-lessexplicit
claim madein the foregoingdiscussionthatan AD formula-
tion of electrodynamicinteractionsis more‘fundamental’that
field theoreticformulations. “Fundamental”hereis usedin
thephilosophicalratherthanpracticalsense;that is: it is not
meantto imply that an AD formulation is moreconvenient,
or evenfeasible,for doingcalculations,or understandingap-
plicationsof electrodynamicsbetter, ore even at all, in such
terms.It is meantonly that thebasicnatureof interactionbe-
tweenpoint chargesis bestrevealedin this formulationand
that questionson its characterthat make no sensein an AD
formulation,in factmakeno senseabsolutely. An exampleof
sucha questionis: how muchenergy is containedin thefield
of a point charge? As this questionis meaninglessin AD, it
canbetakenasabsolutelymeaninglessaltogether.

The obstaclesmention above are: the hypotheticalexis-
tenceof magneticmonopoles,andthenatureof radiationre-
action.

1. Magnetic Monopoles: an Inherent Contradiction

The existenceof magneticmonopoleswould be a serious
obstaclefor acceptingthe validity of AD mechanicsas has
beenshown by Havas(1957)andCarterandCohen(1973).
Thereexistencein the first placewasproposedon the basis
of the symmetrythey would bring to the Maxwellian, field
theoreticformulationof electromagneticinteractionby Dirac
(1948).However, enthusiasmhasleadto a cavalier resolution
of the following inconsistency amongthe formulapertaining
to suchmonopoles.

Consider the equation of motion for a pure magnetic
monopoleof strengthq, massm in the presenceof fields E
andB:

mẍ � q
�
B � v

c
0 E � � (102)

In orderfor this equationto bemathematicallyconsistent,ei-
therq or m mustbea pseudoscalar, becausebothB andv 0 E
arepseudovectors.Bothchoicesleadto conflict.

If m is taken as a pseudoscalar, then q would have to be
a scalar, which leadsto a vector(vise pseudovector)B field.
This in turn would leadto aninconsistentequationof motion
for anelectricchargeexposedto this field:

meẍ � e
� v
c

0 Bq � � (103)

On theotherhand,if q is chosento bea pseudoscalar, then
Dirac’squantizationcondition:

qe � nh̄c
2

� (104)

is inconsistent,becauseall theotherfactorsarescalars!This
problemis skirtedin the literature,with thefolkloric sugges-
tion thatEq. (104)beinterpretedto be:4

q
4
e � nh̄c

2
; (105)

thereis, however, no consistentargumentsupportingsucha
modification.

The failure to find magneticmonopolesto date, can be
takenassupportfor therectitudeof anAD formulationvís-a-
vís field theory;perhaps,even,asasymptomof afundamental
weaknessof field theoriesaltogether.

2. Radiation Reaction: An Emergent, Multi-body Effect

In (Dirac, 1938) the expressionfor the force due to ra-
diation reaction, and in the AD formulation developedby
Wheelerand Feynman(1945/49),advanceinteractionplays
a vital role. In the Wheeler-Feynmanformulation, the elec-
tromagneticforce on a particle resultsin part from the ad-
vancedsignalof ahypothetical‘adsorberat infinity’ respond-
ing to theretardedfield of thechargeunderconsideration.Al-
thougheliminating advancedinteractiononly cleansup the
latter story, advancedinteractionfor radiationreactionmust
berationalized.

Theparadigmproposedhereto explicateradiationreaction
hascertainsimilarities with the Wheeler-Feynmanformula-
tion in that it employs thereactionof therestof theuniverse,
which is takento beon thewholeelectricallyneutral.In such
a universe,a particle in an AD formulation is consideredto
be in permanentinteraction,at leastvia electrostaticforces,
with all otherchargesin the universe,andwould, therefore,
statisticallyseen,induceaDebyesheatharounditself. To first
approximation,this sheathcanbeconsideredasa coincident
“hole” of oppositechargeto theparticle,with which theinter-
actionconstitutes‘radiationreaction.’ Thecoupledequations
for a chargewould thenbe:

m
�
ẍp � µ � e

c

�
Fh � µν

ret# � ẋp � ν K (106a)

andfor its hole

m
�
ẍh � µ � � e

c

�
Fp � µν

ret# � ẋh � ν # (106b)

Thesolutionof this systemis facilitatedby thefollowing ap-
proximations:To first orderxp

� xh (up to effectsof time lag
to bediscussedbelow). Then,theretardedfield from thehole;
i.e.,from otherchargesin theuniverseorganizedasan‘onion’
like Debye sheatharoundthe particle, will appearto be a
charge-reversed,converging field mimicking a time-reversed
diverging field; that is: the imploding field of the sheathis
identical to time-reversedandsign-changedparticlefield, or
purelyformally (but in approximation):�

Fh � ret# � �
Fp � adv# � (107)

Therefore,Eqs.(106)canbeaddedto give:

m
�
ẍp � µ � e

2c

���
Fp � ret# � �

Fp � adv# � µν �
ẋp � ν # (108)

Thisequationis preciselythestartingpoint for Dirac’sderiva-
tion of the expressionfor radiationreaction,for which this
paradigmoffersa new andintuitiveunderstanding.
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III. A RELATIVISTIC WAVE EQUATION WITH INTERACTION

A. An Equation for Bosons

In this Section,thequantizationprocedureusedin Section
I is appliedto the AD mechanicsdevelopedin SectionII, to
givea manifestlycovariantwaveequationwith interaction.

Mimicking theprocedurein SectionII onthesingleparam-
eterHamiltonian:

∂ρ
∂τ

� ∂ Y
∂p

∂ρ
∂x � ∂ Y

∂x
∂ρ
∂p

� (109)

yields:

ih̄
∂Ψ
∂τ

� N

∑
i

� 1
2mi �ba ih̄ c i � N

∑
j `X i

A j d 2

Ψ � (110)

where c i
� ∇i � ∂

∂
�
icti � � (111)

The appropriateHamiltonian derived from the Lagrangian
Eq.(97) is

Y � N

∑
i

1
mi a pi � N

∑
j `X i

A j d 2 � (112)

where

A j
� ej

� τ: ∞
x j

�
τ & � δ 
 �

xi
�
τ � � x j

�
τ & ��� 2 � dτ & � (113)

Eq. (110) is manifestlycovariant,all vectorsareexpressedin
four-vectorform, andtheinteractionstermsarenon-nullonly
on thelight cone.

Theuseof theLiouville equationin arelativistic settingau-
tomaticallyimpliesa changein thecalculationsrole of Ψ � Ψ,
in thatthedensityρ

�
x � p � onaspace-timemanifoldratherthan

configurationspaceas in non relativistic mechanics.Thus,
this densitycannotbeinterpreteda probabilityof presenceor
densityof world lines, ratherasprobability of a space-time
measurementor ‘event.’ Theprobabilityof presenceis then,
as is usualin relativistic quantumtheory, the fourth compo-
nentof thecurrentcomputedwith Ψ � Ψ:

j � 1
m

Ψ � pΨ �
As a candidatefor a relativistic multi-bodywave equation,

Eq. (110) in not entirelywithout precedentin thephysicslit-
erature.Feynman(1951)expresseda preferencefor a second
orderequationover a first orderDirac equation,becauseit is
moreamenableto analysisusingGreen’s functions;and,he
alsoinvestigatedthe introductionof a fifth parameter(Feyn-
man,1958).Arunasalam(1970)alsohasproposedthesingle
particleversionandhasstudiedmany of theconsequencesof
the format. An AD formulationof Relativistic quantumthe-
ory, however, bringswith it issuesthat remainto be studied,

for examplethe exclusion of negative energies, (Hanusand
Janyszek,1971),andthe definitionsof space-timeoperators;
see,e.g.,Sakurai(1967). The moreseriouschallenge,how-
ever, will beto find a suitableapplicationfor which theequa-
tionsaresolvable.

B. A Fermion Equation

Pauli (1927),apparently, wasfirst to publishthesuggestion
that alteringthe Schr̈odingerequation,even thoughnonrela-
tivistic, to read:

ih̄Ψ̇ � 1
2m

< σ 
 � ih̄∇ � e
c

A� = 2
Ψ � ΦΨ � (114)

leadsto thecorrectmagneticmomentfor theelectron(modulo
anomalies).Later it wasseenby many authorsthat thesame
alterationto theKlein-Gordonequationgivesa secondorder
equationequivalent to the Dirac equation. (Sakurai,1967)
Thus,thesamealterationshouldrenderEq. (110)suitablefor
thedescriptionof Fermions.Simply following this example,
however, violatesthe spirit of this studyto provide intuitive
motivation;so that,herein,it shallbearguedthat this formal
procedureis a meansto take thetwo polarizationstatesof the
backgroundinto full account.

By introducingthePauli spinmatrices,theequationsof mo-
tion can be coupledin a way compatiblewith the coupling
of the two modesof polarizationof light—a fact which ac-
cordsfully with the fact that spin operatorswere in useas
“Stokes” polarizationoperatorsdecadesbeforespin was in-
troduced.Thus,asa tandemLiouville equation,consider:

ρ̇1
� �

p 
 ∇ � F 
 ∇p � ρ1;
ρ̇2

� �
p 
 ∇ � F 
 ∇p � ρ2 � (115)

whereρ1 is thedensityof orbitsin equilibriumwith onestate
of polarization,andρ2 theother. Now, by virtue of the iden-
tity:�

σ 
 A � ΠA4 � � σ 
 B � ΠB4 � � ΠA 
 B � iσ 
 � A 0 B � � ΠA4B4 �
(116)

theseequationscanberewrittenase � d
dτ

�gfihkj ρ1 0
0 ρ2 l � 0 � (117)

wheref � �
σ 
 p � � σ 
 ∇ � � �

σ 
 F � � σ 
 ∇p � � iσ 
 � p 0 ∇ � F 0 ∇p� �
(118)

Continuingasearlier, useasa Fourierkernela solutionof
apair of waveequations:m � exp

�
i
�
σ 
 k � � σ 
 x ��� Πωt � (119)

which it is easyto seeis thesolutionof a ‘paired’ wave equa-
tion: e �

σ 
 ∇ � 2 � Π
c2

∂2

∂t2 h m � 0 � (120)
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So far this is just play with algebraicstructureto be usefor
convenience;n it is not intendedto bephysicallyor mathemati-
cally meaningfulbeyondtheobvious.

Eq. (45)permitsreplacingσ 
 k � Πω withA 1
h̄

2σ 
 p � 1
h̄

2ΠE B
in Eq. (119), so that it can be usedas a “tandem” Fourier”
kernelon the“tandem”Eqs.( 117)asfollows:�

d
�
σ 
 p ��� ΠE � ei2σ � p

h̄ K ΠE
h̄ 0 Equ

�
120� � (121)

Theresultis similar to Eq. (56),againwith anarbitraryfunc-
tion C, which is to be chosenso that the resultingequations
will satisfya “tandem” Ehrenfesttype proof lead to a “tan-
dem” generalizationof Newton’sSecondLaw:� d2

dτ2 � j , x - 1 0
0 , x - 2 l� � j , ∂ Y 2 ∂x - 1 0

0 , ∂ Y 2 ∂x - 2 l � , ∇
ēh

2mc
σ 
 B - �

(122)

Theexpectation, 
�
L
Q- i is computedwith ρi andrepresents
a densityof ‘events’ on orbits of particlesdeemedto be in
equilibrium with backgroundwaves of the i-th polarization
mode.Theresultof all theaboveis thefollowing equation:

ih̄
dΨ
dt

� N

∑
i

1
2mi

� σ 
 ∇i � Π
∂

∂ict � σ 
 Ai � ΠA4 � 2

Ψ � (123)

where the squareis to be executedusing Eq. (116). The
clumsy avoidanceof Dirac matriceshere was intendedto
avoid introducingnegative energy, pendinga suitableinter-
pretationin thecontext of AD mechanics.

C. Conc lusions

All in all, solutionsfor four importanttheoreticalphysics
problemshave beenproposedherein. Themerit thesessolu-
tionshave is aquestionfor thelong run. No oneis compelled
to to acceptthem;but, for problemswhich have long resisted
attack,virtually any proposalshouldbewelcome.Ultimately,
their merit will be determinedby their contribution to sensi-
ble andverifiablecalculations,or thepredictionof heretofore
unknownphenomena.Ontheotherhand,they mightalsocon-
tribute to a betterinterpretationor philosophicalunderstand-
ing of fundamentalphysics.

The following considerationsare preliminary judgments
againstthesegoals.

1. Duality and Wave-packet Collapse are Eliminated

Theunderstandingof viewpoint on duality affordedby the
imageryproposedhereinoffers a solution to what hasbeen
thoughof astwo problems.First of all, thephilosophicalam-
biguity surroundingthe Copenhagenconceptof ‘duality’ is
sweptaway. In theprocessEinstein’sviewpoint is vindicated.

I am,in fact,firmly convincedthattheessen-
tial statisticalcharacterof contemporaryquantum
theoryis solelyto beascribedto thefactthatthis
[theory] operateswith an incompletedescription
of physicalsystems.(Schlipp,1949,p. 666)

If thesolutionproposedhereinis accepted,thenit is thecase
that the wave functionyields a phase-spacedensityof Gibb-
sian ensembles. The Copenhagenargumentthat the wave
functionmusthave physicalsignificancebecauseit somehow
mediatesin physicalinteractionswhenbeamspassthrough,
e.g., slits or crystals,is seento be unnecessary. The physi-
cal effect of the diffractionof beamsis accomplishedby the
electromagnetismradiationin the background.Furthermore,
the collapseof wave packets is seento be non problematic
becausethe density is a Gibbsiandensity. The philosophi-
cal impact of this viewpoint is immense. Most everything
said basedon quantumtheory aboutuncertaintyand deter-
minismcanberefuted.Thefollowing statementsculledfrom
Čapek(1961), characterizenotionsengenderedby conven-
tionalquantumtheory:

... the observed statistical laws of [micro-
physics]are not meresurfacephenomena,ulti-
mately reducibleto classicalcausalmodels;on
the contrary, the statisticallaws are regardedas
ultimateandirreduciblefeaturesconstitutingthe
objective physical reality. ...radioactive explo-
sionsareregardedascontingenteventswhoseir-
reduciblechancecharactermanifeststhebasicin-
determinacy of microphysicsoccurrences.

The viewpoint introducedhereinrefutesthesestatementsby
exhibiting aconceptualschemein whichthe“irreducible” sta-
tistical apparatusis divestedof its preternaturalbehavior as
an ethereal“statisticalfluid,” or whatever. In this viewpoint,
thestatisticalapparatusis usedto describeparticleswhichare
stronglyinfluencedby backgroundradiation. The first order
effect of thebackgroundis to effectively attacha wave to the
particle. It is the“attachedwave” which causesthewavelike
behavior describedstatisticallywith themachineryof aGibb-
sianensembletreatment.

A secondfeatureof quantumtheorywhichhasledto anex-
tremenumberof philosophicalspeculationsis the so-called
“superpositionprinciple.” The fact that a statisticalgadget
doesnot follow themathematicalpatternsof ordinaryproba-
bility is thesourceof thesespeculations.However, thefollow-
ing rejoindersflow from thetheorypresentedherein.One,the
densityusedin quantumtheoryis unlike anordinarydensity
in that it canbe manipulatedto obtainstatisticalinformation
regardingtwice asmany variablesasaredisplayedasargu-
mentsof the densityfunction. The burdenof this additional
structureis clearly revealedby the fact that the equationfor
thedensityitself, ratherthanthewave function, is nonlinear.
Quitecommonly, thesumof solutionsto nonlinearequations
is notasolutionof theequation,andthis factcanbefoundthe
peculiaritiesof the quantumsuperpositionprinciple. It thus
appearsthatthesestrictly mathematicalfactsdivestthesuper-
positionprincipleof epistemologicalconsequences.
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However, thecalculationalmerit of this viewpoint appears
to ben somewhat limited. It appearsthat the calculational
merit maybe found in theexceptionto theconcept.Specifi-
cally, sincethewave-like behavior is a first order“gross” re-
sponseto the background,secondorderdetailedeffectsmay
be amenableto calculations.An exampleof sucha calcula-
tion is thatof Welton(1948),for theLambshift. He assumes
that the groundstateof the quantizedradiationfield, identi-
cal in characterto the classicalelectromagneticbackground
assumedherein,makesanelectronwobblein orbit aboutthe
nucleus,which causesa perturbationto its energy to within a
small fractionof thetotal shift. It seemsa reasonableconjec-
ture,thatsuchacalculationmightbemadeexactandextended
to explain the anomalousmagneticmomentof the electron.
Interestingly, thesesecondorder effects are preciselythose
which it appearsEinsteinmight have pointedto as not de-
scribedby informationcontainedin wave functions.

2. Single Parameter Relativistic Mechanics Precludes
Predeterminism

Theepistemologicalimpactof predeterminismin Fokker’s
formulationof relativistic dynamicshasnot beenlarge. It is
notclearwhy this is so,but it maybesupposedthattheideais
sorepulsive thatphilosophershave, for themostpart,simply
chosento wait for its demise.Therfore,thephilosophicalim-
pactof a reformulationnot involving predeterminismis less.

Thecalculationalsignificanceof well formulatedequations
of motion is, on the otherhand,potentially large. However,
theequationsareof sortnot analyticallywell studied,andso-
lutionsof usefulcasesmayverywell turnout to beelusive.

Theinherentsymmetryof theconceptof radiationreaction
dueto all otherparticlesin theuniverse,vís-a-v́is theconcept
of backgroundradiationis philosophicallycharming.On the
oneside, radiationreactionsis the mechanismwhich would
causeanatomto collapse;on theothersidethebackgroundis
thesourceof energy holdinganatom“up.” In effect,different
aspectsof thesamethingbalanceto yield anetstability.

3. Benchmark and Guidepost

The fact that a manifestly covariant equationwith inter-
action can be written down is at leasta guidepost. Where
field theorieshave failed,AD hasnot. It is interestingto see
thatEq. (123)canbeseparatedinto a τ independentequation
whoseeigenvaluesaredirectly relatedto propermass.In fact,
if this is donefor the Bosonequationandthe properchoice
of eigenvaluemade,Eq. (110) reducesto the Klein-Gordon
equation.Thesamechoiceof massgivestheDirac equation,
except for negative energy, for the Fermionequation. This
suggeststhat the eigenspectrumof Eq. (123)with an auspi-
ciouschoiceof interactionterm might give the long sought
massspectrumfor elementaryparticles. However, it is not
clearif theinteractionshouldbescalar, vectoror whatever, or
if anothersortof backgroundcauses‘strong’ and‘weak’ inter-
actionto bequantizedatyeta lower level. Thesespeculations
areleft for futurestudy.
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